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Abstract: We consider a Project Investment problem, where a set of
projects and an overall budget are given. For each project, a profit func-
tion is known which describes the profit obtained if a specific amount is
invested in this project. The objective is to determine the amount invested
in each project such that the overall budget is not exceeded and the total
profit is maximized. For this problem, we suggest an effective graphical al-
gorithm which improves the pseudo-polynomial time complexity of dynamic
programming algorithms. Based on this graphical algorithm, we also derive
a fully polynomial time approximation scheme. In addition, we also consider
the related problem of finding lot-sizes and sequencing several products on
a single imperfect machine.
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1 Introduction

The Project Investment problem can be formulated as follows. A set N of n
potential projects and an investment budget (amount) A > 0 are given. For
each project j, j = 1, . . . , n, a profit function fj(t), t ∈ [0, A], is defined in
such a way that the value fj(t

′) denotes the profit received if we invest the
amount t′ in project j. The goal is to define an amount τj ∈ [0, A]

⋂
Z for

each project j ∈ N such that
∑n

j:=1 τj ≤ A and the total profit
∑n

j:=1 fj(τj)
is maximized.

Moreover, for a real-world generalization, it is often necessary to find
such an optimal solution (investment strategy) for a flexible amount A, i.e.,
for all A ∈ [A′, A′′]. So, one looks for an algorithm which is able to solve
this real-world generalization effectively. In the following, we assume that all
functions fj(t), j = 1, . . . , n, are continuous piecewise linear non-decreasing
functions (see Fig. 1). If the function fj(t) is defined only for some particular
points t, e.g., for t1, t2, . . . , tkj with t1 < t2 < . . . < tkj , then we can assume
that fj(t) = fj(ti) holds on the interval [ti, ti+1), i = 1, . . . , kj , where tkj+1 =
A. In this paper, we propose an effective pseudo-polynomial algorithm and
derive a fully polynomial time approximation scheme (FPTAS) based on it.

A special case of the problem is similar to the well-known bounded knap-
sack problem [3]:

maximize
∑n

j:=1 pjxj
s.t.

∑n
j:=1wjxj ≤ A,

xj ∈ [0, bj ], xj ∈ Z, j = 1, 2, . . . , n,

(1)

for which a dynamic programming algorithm with a time complexity of
O(nA) is known [3].

The following problem [4] is similar to the problem under consideration:

minimize
∑n

j:=1 fj(xj)

s.t.
∑n

j:=1 xj ≥ A,

xj ∈ [0, A], xj ∈ Z, j = 1, 2, . . . , n,

(2)

where fj(xj) are piecewise linear as well. For this problem, a dynamic pro-
gramming algorithm with a running time of O(nA) [4] and FPTAS with a
running time of O((

∑
kj)

3/ε) [5] are known.
This problem can be solved by a dynamic programming algorithm (DPA),

which is based on the following recursive Bellman equations:

Fj(T ) = max
t=0,1,...,T

{fj(t) + Fj−1(T − t)}, T = A,A− 1, . . . , 1,
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Figure 1: Functions fj(t)
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with the initial conditions

F0(T ) = 0, for T ≥ 0,
F0(T ) = −∞, for T < 0.

(3)

In each stage j, j = 1, . . . , n, a function Fj(T ), j = 1, . . . , n, is calculated
and used in the next stage. Here the value Fj(T ) gives the maximal profit
received from the realization of the first j projects if a total amount T ≤ A
is invested. Finally, the value Fn(A) denotes the optimal objective function
value.

Usually in a DPA, one works like a calculator, i.e., to calculate Fj(T
′),

we consider T ′+1 points t and for each point, we calculate the value fj(t)+
Fj−1(T − t). Then we choose the maximal value among these T ′ +1 values.
So, the time complexity of such a DPA is O(nA2). Here we do not take into
account the analytical form of the functions fj. However, if we work with
the analytical representation (not with particular values fj(t) calculated for
t ∈ Z), we will have some advantages.

The remainder of the paper is as follows. In Section 2, we illustrate the
approach on a numerical example. In Section 3, we deal with the graphical
algorithm (GrA) in more detail, discuss its advantages in comparison with
the DPA. In Section 4, we give a modification of the GrA and derive an
FPTAS. In Section, 5 a GrA and an FPTAS for a related problem denoted
as P-Cost are presented.

2 Numerical Example

Next, we explain the idea of the graphical algorithm (GrA) which uses the
same Bellman equations as the DPA, but considers analytical expressions
of the functions. We note that the foundations of such a type of algorithm
have been given e.g. in [1]. The idea is explained on the numerical example
presented in Fig. 1. We consider four projects. The given functions
fj(t), j = 1, 2, 3, 4, can be saved in the computer memory in the tabular
form given in Table 1:

Table 1: Function fj(t)

K 1 2 . . . kj

interval K [t1j , t
2
j ) [t2j , t

3
j) . . . [t

kj
j , A)

bKj b1j b2j . . . b
kj
j

uKj u1j u2j . . . u
kj
j

4



In Table 1, K denotes the number of the current interval, whose values
range from 1 to kj (where the number of intervals kj is defined for each j =
1, 2, . . . , n), [tKj , tK+1

j ) is the Kth interval, and bKj , uKj are the parameters of
the linear function fK

j (t) defined on the kth interval. This data means the
following. For each above interval, we store the parameters bKj and uKj for
describing the function fj(t) = fK

j (t) = uKj · (t− tKj ) + bKj on this interval.
For the example given in Fig. 1, the function f1(t) can be presented as

follows:

Table 2: Function f1(t)

K 1 2 3 4

interval K [0, 3) [3, 10) [10, 13) [13, 25]

bK1 0 0 7 8

uK1 0 1 1
3 0

The points t1j , t
2
j , . . . , t

kj
j are called "break points" since the slope of the

function changes at these points. The functions Fj(T ) can be presented in
the same way.

Stage 1. Determination of F1(T ).

It is obvious that F1(T ) = f1(t).

Stage 2. Determination of F2(T ).

Step 1.
Let us analyze Fig. 2.1. To calculate the value F2(25) in the DPA, we

can do the following. We draw F1(T ) and f2(t) as shown in the figure, where
f2(t) is drawn in a reflected way from the point t. Now, for each t ∈ [0, 25],
it is easy to calculate the values f2(t) + F1(25 − t). The diagram of this
function is presented by a dotted line. We note that the diagram of the
function f2(t) + F1(25 − t) is piecewise linear and continuous as well. So,
its maximal values are reached at the break points, which correspond to the
break points of the functions F1(T ) and f2(t), i.e., t1, t2, T2, T3, T4, T5. We
have the maximal value 10 at the point t = 20 which corresponds to the
break point t2.

To calculate the values F2(25 − ε), we have to shift the diagram of the
function f2(t) (and all break points t1, t2 which correspond to function f2(t))
to the left by ε. It is easy to see that the value at the new break point t2
will be 10 − u41ε = 10, if ε ≤ t2 − T2 = 20 − 13 = 7. Here u41 is the slope of
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Figure 2: Function F2(T )
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the function F1(T ) on the interval [T2, A). At the same time, the values at
the other break points will be changed as follows:
F ′(T5) = F1(T5)− ε ∗ u22 = 2,
F ′(T4) = F1(T4)− ε ∗ u22 = 2,
F ′(T3) = F1(T3)− ε ∗ u22 = 9,
F ′(T2) = F1(T2)− ε ∗ u22 = 10,
F ′(t1) = F1(t1)− ε ∗ u41 = 8.

Here F ′(Tx) denotes the equality corresponding to the point Tx if we shift
the diagram of the function f2(t) to the left. So, on the interval [25−7, 25] =
[18, 25], we have F2(T ) = 10− u41ε = 10 (see Fig. 2.2).

Step 2.
At the point T = 18, the linear part of F1(T ) corresponding to the break

point t2 changes. We have the equation: F ′(t2) = F1(t2 = 18) − ε · u31 =
10 − ε · 1

3 (see Fig. 2.3). The same change happens for the point T2. For
T = 18− ε, we obtain the values F ′(T2) = 10− ε · u12 = 10− ε25 . The slopes
of all other functions F ′(T3), F

′(T4), F
′(T5), F

′(t1) do not change. So, the
point t2 remains the leading point.

Subsequently, we will use the following two terms: a leading equation and
a leading point. Let us consider the two points x1 and x2 and their equations
Bx1 − Ux1ε and Bx2 − Ux2ε. If Bx1 > Bx2 or (Bx1 = Bx2 and Ux2 > Ux1),
then the point x1 dominates the point x2. For a leading point, there is no
other point which dominates it.

We continue with shifting the diagram of the function f2(t) to the left
from the point t = 18. The values F2(18− ε) are calculated as F2(18− ε) =
10 − ε13 corresponding to an equation for the point t2. This holds till the
next change of a slope which happens at the point t = 15, where t2 and T3

meet each other. So, on the interval [15, 18], we have F ′
2(t) = 10− (18− t)13

(see Fig. 2.4).

Step 3.
From the point T = 15, we have the equation: F ′(t2) = F (t2)− ε · u21 =

10− 3 · 13 − ε · 1 = 9− ε. The change of an equation happens for the point T3

as well. For T = 15 − ε, we obtain the values F ′(T3) = 9 − ε · u12 = 9 − ε25 .
So, the point T3 becomes a leading one, since its slope is less and it starts
from the same value 9 as the point t2.

We continue with shifting the diagram of the function f2(t) to the left
from the point t = 15. The values F2(15− ε) are calculated as F2(15− ε) =
9−ε25 which corresponds to the equation for the point T3. This holds till the
next change of a slope (where the point t1 and T2 meet each other), namely
at the point t = 13. So, on the interval [13, 15], we have F2(t) = 9−(15− t)25
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(see Fig. 2.5).

We continue our calculations in the same way. For each of the k2 +BP1

break points, where BP1 is the number of break points of the function F1(T )),
we have an equation which characterizes how the value F2(T ) will change
if we shift the diagram of the function f2(t) to the left (i.e., which values
of the function F2(T ) we will have). Among these k2 + BP1 points, we
choose the leading one and according to its equation we calculate F2(T ).
This calculation holds till the next point t, where a break point of f2(t) and
a break point of F1(T ) will meet each other.

In such a way, we obtain:

Step 4. For t ∈ [10, 13]: F2(t) = 81
5 − (13 − t) · 2

5 and the leading point T3

the equation of which is F ′(T3) = 81
5 − ε · u22 = 81

5 − ε · 2
5 .

Step 5. For t ∈ [5, 10]: F2(t) = 7− (10 − t) · 1 and the leading point t2 the
equation of which is F ′(t2) = 7− ε · u21 = 7− ε.

Step 6. For t ∈ [0, 5]: F2(t) = 2 − (5 − t) · 2
5 and the leading point T4 the

equation of which is F ′(t2) = 2− ε · u22 = 2− ε · 2
5 .

The final diagram of the function F2(T ) is presented in Fig. 2.6, and its
linear parts are described in Table 3.

Table 3: Function F2(t)

K 1 2 3 4 5

interval K [0, 5) [5, 10) [10, 15) [15, 18) [18, 25)

bK 0 2 7 9 10

uK 2
5 1 2

5
1
3 0

Stage 3. Determination of F3(T ).

Next, we describe how the function F3(T ) is calculated using the
functions F2(T ) and f3(t). All steps are performed in the same way as for
the Stage 2. We present only their short description. In the following tables,
a point (x, y) is described in the form x|y.

Step 1. Starting point T = 25, see Fig. 3.1.

t1 : 0|10 t4 : 0|15∗ T4 : 0|12
t2 : 0|10 T2 : 0|15 T5 : 0|7
t3 : 0|14 T3 : 0|14 T6 : 0|5
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Figure 3: Function F3(T )
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This data means the follows. The point t1 takes part in calculating
the values F3(T ) according to the equation 10 − ε · 0. In the table, a
leading point where only one equation influences F3(T ) is marked by
the symbol ∗. The length of the minimal interval (LMI) is obtained as
LMI = t4 − T2 = 1, i.e., on this interval, the slopes of the equations do
not change, which means that all the points hold their equations. So, on
the interval [25 − LMI, 25] = [24, 25], the slope of the function F3(T ) is
equal to the slope of the equation for the point t4, i.e., 0. In addition, we
calculate F3(25) = 10 + 5 = 15.

Step 2. Starting point T = 24, see Fig. 3.1.

– t4 :
1
3 |15∗ –

– T2 :
1
2 |15 –

– – –

At the point T = 24, the two points t4 and T2 meet each other. So, only
their equations (slopes) change.
We have LMI = t3 − T2 = 20 − 18 = 2. On the interval [22, 24], the slope
of the function F3(T ) is equal to 1

3 .

Step 3. Starting point T = 22, see Fig. 3.1.

– t4 :
1
3 |141

3∗ –
– T2 : 2|14 –

t3 :
1
3 |14 T3 : 0|14 –

We have LMI = t4 − T3 = 16 − 15 = 1. On the interval [21, 22], the slope
of the function F3(T ) is equal to 1

3 .

Step 4. Starting point T = 21, see Fig. 3.1.

– t4 :
2
5 |14∗ –

– T2 : 2|12 –
t3 :

1
3 |132

3 T3 :
1
2 |14 –

We have LMI = t3 − T3 = 17 − 15 = 2. On the interval [19, 21], the slope
of the function F3(T ) is equal to 2

5 .

Step 5. Starting point T = 19, see Fig. 3.2.

10



– t4 :
2
5 |131

5∗ –
– T2 is out of range –

t3 :
2
5 |13 T3 : 2|13 –

We have LMI = t2 − T3 = 17 − 15 = 2. On the interval [17, 19], the slope
of the function F3(T ) is equal to 2

5 . Note that T2 is out of consideration,
since it will be out of range from the starting point T = 18 and its equation
does not influence F3(T ) on this interval.

Step 6. Starting point T = 17, see Fig.3.2.

– t4 :
2
5 |122

5∗ –
t2 =

2
5 |9 –

t3 :
2
5 |121

5 T3 : 0|9 –

We have LMI = t4 − T4 = 11 − 10 = 1. On the interval [16, 17], the slope
of the function F3(T ) is equal to 2

5 .

Step 7. Starting point T = 16, see Fig. 3.2.

– t4 : 1|12 T4 :
1
2 |12∗

t2 =
2
5 |83

5 T5 : 0|7
t3 :

2
5 |114

5 T3 : 0|9 –

We have LMI = t3 − T4 = 12 − 10 = 2. We check whether the equation
for the point t3 becomes leading on the interval [14, 16] (i.e., whether it
overcomes the equation for T4):

−1

2
ε+ 12 = −2

5
ε+ 11

4

5
;

1

5
=

1

10
ε; ε = 2.

This means that LMI = 2 = ε, and T4 remains the leading point on the
whole interval [14, 16]. On the interval [14, 16], the slope of the function
F3(T ) is equal to 1

2 .

Step 8. Starting point T = 14, see Fig. 3.3.

t1 :
2
5 |83

5 t4 : 1|10 T4 : 2|11
t2 :

2
5 |74

5 T5 : 0|7
t3 : 1|11∗ T3 is out of range –

We have LMI = t2 − T4 = 12 − 10 = 2. On the interval [12, 14], the slope
of the function F3(T ) is equal to 1.
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Step 9. Starting point T = 12, see Fig. 3.3.

t1 :
2
5 |74

5 t4 : 1|8 T4 : 0|7
t2 : 1|7 T5 : 0|7
t3 : 1|9∗ –

We have LMI = t4 − T5 = 1. On the interval [11, 12], the slope of the
function F3(T ) is equal to 1.

Step 10. Starting point T = 11, see Fig. 3.3.

t1 :
2
5 |72

5 t4 :
2
5 |7 T4 : 0|7

t2 : 1|6 T5 :
1
2 |7

t3 : 1|8∗ –

We have LMI = t1 − T4 = 1. On the interval [10, 11], the slope of the
function F3(T ) is equal to 1. Since at the point T = 10, the break point T4

goes out of range and is not the leading one, it was possible to join both
steps 10 and 11.

Step 11. Starting point T = 10, see Fig. 3.3.

t1 : 1|7 t4 :
2
5 |63

5 T4 is out of range
t2 : 1|5 T5 :

1
2 |61

2

t3 : 1|7∗ –

We have LMI = t3 − T5 = 1. We check whether the equation for the
point t4 becomes leading on the interval [9, 10] (i.e., whether it overcomes
the equation for t3):

−ε+ 7 = −2

5
ε+ 6

3

5
;

2

5
=

3

5
ε; ε =

2

3
.

On the interval [91
3 , 10], the slope of the function F3(T ) is equal to 1.

Step 12. Starting point T = 91
3 , see Fig. 3.3.

t1 : 1|61
3 t4 :

2
5 |61

3∗
t2 : 1|41

3 T5 :
1
2 |61

6

t3 : 1|61
3 –

We have LMI = t3 − T5 = 51
3 − 5 = 1

3 . On the interval [9, 91
3 ], the slope of

the function F3(T ) is equal to 2
5 .
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Step 13. Starting point T = 9, see Fig.3.4.

t1 : 1|6 t4 :
2
5 |61

5∗
t2 : 1|4 T5 : 2|6
t3 :

2
5 |6 T6 : 0|5

We have LMI = t2 − T5 = 7− 5 = 2. On the interval [7, 9], the slope of the
function F3(T ) is equal to 2

5 .

Step 14. Starting point T = 7, see Fig. 3.4.
t1 : 1|4 t4 :

2
5 |52

5∗
t2 :

2
5 |2 T5 : 0|2

t3 :
2
5 |51

5 T6 : 0|5

We have LMI = t4−T6 = 1. On the interval [6, 7], the slope of the function
F3(T ) is equal to 2

5 .

Step 15. Starting point T = 6, see Fig. 3.4.

t1 : 1|3 t4 is out of range
t2 :

2
5 |13

5 T5 : 0|2
t3 :

2
5 |44

5 T6 :
1
2 |5∗

We have LMI = t1 − T5 = 6− 5 = 1. On the interval [5, 6], the slope of the
function F3(T ) is equal to 1

2 .

Step 16. Starting point T = 5, see Fig. 3.4.

t1 :
2
5 |2

t2 :
2
5 |11

5 T5 is out of range
t3 :

2
5 |42

5 T6 :
1
2 |41

2∗

We have LMI = t3−T6 = 1. On the interval [4, 5], the slope of the function
F3(T ) is equal to 1

2 .

Step 17. Starting point T = 4, see Fig. 3.5.

t1 :
2
5 |13

5

t2 :
2
5 |45

t3 is out of range T6 : 2|4
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We have LMI = t2 − T6 = 2. However, there is an intersection point of the
equations of the points T6 and t1:

−2ε+ 4 = −2

5
ε+ 1

3

5
;

12

5
=

8

5
ε; ε =

3

2
.

So, on the interval [21
2 , 4], the slope of the function F3(T ) is equal to 2.

Step 18. Starting point T = 21
2 , see Fig. 3.5.

In this step, the leading point is t1. Thus, on the interval [0, 21
2 ], the slope

of the function F3(T ) is equal to 2
5 .

The final diagram of the function F3(T ) is presented in Fig. 3.5, and its
linear parts are described in Table 4.

Table 4: Function F3(t)

K 1 2 3 4 5 6 7 8

interval K [0, 21
2 ) [21

2 , 4) [4, 91
3 ) [91

3 , 14) [14, 16) [16, 21) [21,24) [21,25)
bK 0 1 4 61

3 11 12 14 15

uK 2
5 2 2

5 1 1
2

2
5

1
3 0

Stage 4. Determination of F4(T ).

Next, we describe how the function F4(T ) is calculated using the func-
tions F3(T ) and f4(t). In the case of a step function f4(t), we can perform
this stage in an easier way. We can construct the functions Φ1(T ) = F3(T ),
Φ2(T ) = 1 + F3(T − 3) and Φ3(T ) = 4 + F3(T − 4). Then we have to con-
struct the function F4(t) = max{Φ1(T ),Φ2(T ),Φ3(T )}. All these functions
are presented in Fig. 4.

Of course, we can perform the same operations like at Stages 2 and 3,
but it seems to be more complicated and takes more time.

Backtracking.
To find an optimal solution at the point T = 25, we can do backtracking.

We have τ4 = 4 and f4(τ4) = 4, τ3 = 6 and f3(τ3) = 5, τ2 = 5 and f2(τ2) = 2;
τ1 = 10 and f1(τ1) = 7. Moreover, F ∗(25) = 18.

Let us analyze the running times of the graphical algorithm (GrA) and
the DPA. In the DPA, we have to consider (4 − 1) ∗ 25(25+1)

2 + 25 = 1000
points t.

14



Figure 4: Function F4(T )
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In the first stage of the GrA, we consider 4 points of the function f1(t). At
the second stage, we consider less than 4 ∗ 2 = 8 steps and recalculate up to
4+2 = 6 equations in each step (practically, we have 6+6+6+5+4+3+2 =
32). At the second stage, we consider less than the 5∗4 = 20 steps obtained
from the break points and the two steps obtained due to the intersection of
equations (practically, 17 steps) and recalculate up to 5+4 = 9 equations in
each step (practically, we have 9+9+9+9+8+8+8+3∗7+4∗6+5+4+3+2 =
119). At the last step, we have to consider 3 ∗ 8 = 24 break points of the
three functions Φ1(T ),Φ2(T ),Φ3(T ). Thus, in the GrA, we consider up to
4+32+119+24 = 179 points or equations. If we scale our instance to a big
number M (i.e., we multiply all input data by M), then the running time of
the DPA increases M2 times, but the running time of the GrA remains the
same. Of course, for each equation, we have to do some simple calculations
(operations). However, this number is constant: O(1).

3 Graphical Algorithm

First, we formally describe the graphical algorithm (GrA). In the following,
we denote the starting points as SP and the counter of the current interval
as CI.

Step I. l := 1. Copy the table for the function f1(t) into the table for the
function F1(T ).

Step II.a Let l > 1 and assume that the function Fl−1(T ) is known for all
resulting intervals given in Table 5. Assign SP := A and CI := 1;

Table 5: Function Fl−1(T )

K 1 2 . . . BPl

interval K [TBPl+1, TBPl
) [TBPl

, TBPl−1) . . . [T2, T1)

bK b1 b2 . . . bBPl

uK u1 u2 . . . uBPl

Step II.b Calculate the intervals of the reflected function f ′
l (t).

Table 6: Intervals of the reflected function f ′
j(t)

K 1 2 . . . kl
interval K [t2, t1) [t3, t2) . . . [0, tkll )

16



Here t1 = SP , and the other points tK are calculated as follows:
tK = tK−1 − (tK+1

l − tKl ), K = 2, . . . , kl. On the interval [tK+1, tK), we
have f ′

j(t) = bK+1
l − uKl (t− tK+1), where f ′

j(t) is the reflected function.

Step II.c For each point TK and each point tK , calculate their equations.
An equation for a point denotes the values which are used to calculate
Fl(T ), where T belongs to the interval [SP − ε, SP ].

To calculate the equation for a point TK , we have to find the interval
[ts+1, ts), where Tk ∈ [ts+1, ts). The equation for this point is f ′

j(TK) +
Fl(TK) − usl · ε. In the same way, we calculate the equation for tK . Let
tK ∈ [Tr, Tr+1). Then we have the equation f ′

j(tK) + Fl(tK)− ur · ε.
We consider only points TK < SP and points tK > 0.

Step II.d Among all equations, we have to find a leading equation, i.e., a
leading point. Let us consider the two points x1 and x2 and their equations
Bx1 − Ux1ε and Bx2 − Ux2ε. If Bx1 > Bx2 or (Bx1 = Bx2 and Ux2 > Ux1),
then point x1 dominates the point x2. For the leading point, there is no
other point which dominates it.

Step II.e Calculate the length of the minimal interval LMI =
min{ts − Tr}, s = 1, . . . , kl, r = 1, . . . , BPl−1, where ts > Tr. Now
we check whether there is a point x′ with an equation Bx′ − Ux′

ε, which is
dominated by the leading point x∗ and whose diagram has an intersection
on the interval [SP − LMI, SP ]. Let SP − ε′ be an intersection point. We
have to find the minimal value ε′ among all such points x′. Let εmin be
such a point. Then LMI := εmin. Such points SP − LMI will be called
intersection points.

Step II.f In the table for the function Fl(T ), save a column with the interval
[tCI , tCI+1] = [SP − LMI, SP ] and the values bCI = Bx∗ − Ux∗ · LMI,
uCI = Ux∗ .

Step II.g If the slope of the function on the interval of Fl(T ) just saved
before was the same, then we can join both intervals.

Step II.h SP := SP − LMI and CI := CI + 1. If SP > 0, then GOTO
Step II.b.
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Step III. Modify the form of the table for the function Fl(T ) into the form
as in Table 5. Let l := l + 1. If l ≤ n, GOTO Step II.a.

Step IV. Use backtracking to find an optimal solution at the point A and
the optimal objective function value Fn(A).

End of the Algorithm

Lemma 1 At each stage of the algorithm, there are no more than BPl +
kl + kl · BPl intersection points.

Proof: During step 2, there are no more than kl · BPl different equations
(with different points or different slopes). At each point (SP −LMI) calcu-
lated according to the points TK and tK , only for two points the equations
(slopes of their equations) are changed. In the initial point T = A, we have
only BPl + kl equations. All these equations correspond to linear functions.
So, there are no more than BPl + kl + k ·BPl intersection points.

�

Theorem 1 The GrA constructs an optimal solution for all points T ∈
[0, A] in O(n(BPmaxkmax)

2) time, where BPmax = maxl=1,2,...,n{BPl},
kmax = maxj∈N kj.

Proof: Since the GrA uses the same Bellman equations as the DPA, it
founds an optimal solution for any T ∈ [0, A].

Steps II.b − II.e can be simultaneously performed in O(BPl + kl) time
for each SP . The number of starting points SP is less than BPl ·kl+(BPl+
kl + kl ·BPl), where the number of intersection points is BPl + kl + kl ·BPl.
Since there are n stages, the time complexity of the algorithm is equal to
O(n(BPmaxkmax)

2).
�
If we only need to find an optimal solution for T ∈ [0, A], T ∈ Z, then

the GrA can be modified as follows. If in the table for the function Fl(T ),
we have two columns with the intervals [TK−1, TK) and [TK , TK+1), where
TK /∈ Z, then we can change the intervals to [TK−1, �TK�) and [	TK
, TK+1).
If ts ∈ (�TK�, 	TK
) at the next stage, then its equation is not taken into
account. Thus, we have BPmax ≤ A and obtain the following corollary.
Denote this modification as GrA-I.

Corollary 1 The GrA-I constructs an optimal solution for all points T ∈
[0, A], T ∈ Z, in O(n(A · kmax)

2) time, where kmax = maxj∈N kj .
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3.1 A Modification of the GrA-I with Time Complexity
O(nkmaxA log(kmaxA))

Steps II.b − II.e can be performed in another way. At each step II (if an
intersection point is not considered), only two equations go out and two new
equations go in. At step 1 (or at the first iteration of step II, but not I !)
(when SP = A) of each stage l, l = 1, 2, . . . , n, we can sort all BKl−1+kl first
equations in order of the time points t, when they become leading equations.
So, the first equation in this ordered list is the leading one. The ordering can
be done in O((BKl−1 + kl) log(BKl−1 + kl)) time. To find an intersection
point εmin, we only need to compare the first and second equations in this
list. To add two new equations at a step of the GrA, we only need to perform
O(log(BKl−1+kl)) operations (to put them into the ordered list). Below we
explain such a technique for Stage 3 of the numerical example considered.

In the same way, we can create a list of the lengths of the intervals which
are used to compute LMI. At each step, the length of the list of the LMI
values is less than or equal to kl. So, to construct this list, we need to perform
O(kl log(kl)) operations. To recalculate it, we need O(log kl) operations at
each step. The first value in the list is LMI.

So, instead of O(BKl · kl) operations at each step i > 1, we need only to
perform O(log(BKl−1+kl)) operations and O((BKl−1+kl) log(BKl−1+kl))
operations in the first step. Therefore, the time complexity of the modified
GrA-I is O(nkmaxA log(kmaxA)), if we only need to find a solution for any
T ∈ [0, A], T ∈ Z.

3.1.1 Stage 3 of the Numerical Example for the Modification of
the GrA

In Fig. 5.1, the diagrams of F ′(t1), F ′(t2), F ′(t3), F ′(t4), F ′(T1),
F ′(T2), F

′(T3), F
′(T4), F

′(T5), F
′(T6) are presented. So, the ordered list at

step 1 of the stage looks like (t4, T2, T3, t3, T4, t1, t2, T5, T6).
At step 2, we delete the two equations corresponding to t4 and T2 from

the list. To enter a new equation F ′(t4), we do the following. Compare F ′(t4)
and F ′(t1). Their intersection point is (9, 10), i.e., t = 9, F = 10. Moreover,
at SP = 24, the value of F ′(t4) is larger. So, in the list, t4 is before t1. Then
compare it with t3. An intersection point is (21, 14) and the value of F (t4)
is larger at SP . Finally, we compare it with T3. We have t4 before T3 in the
list. Analogously, we look for a position for T2 in the list. The ordered list
remains the same (t4, T2, T3, t3, T4, t1, t2, T5, T6). In Fig. 5.2, the diagrams
of the corresponding equations at step 2 are shown.
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Figure 5: List of equations at Stage 3
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To be exact, we have to save not the points tx and Tx in the list but the
pairs (Intervalx, tx), where Intervalx is the interval where the equation tx
is leading. At step 3, we delete the two old equations corresponding to t4
and T3 from the list and insert two new equations corresponding to these
points. We have the following order: (t4, T3, t3, T2, T4, t1, t2, T5, T6) (see Fig.
5.3). We note that T2 dominates T4 only before the point t = 21, i.e., on the
interval [21, 22). This information has to be saved in the list.

Analogously, at step 4, we have the same order
(t4, T3, t3, T2, T4, t1, t2, T5, T6). We remind that T4 dominates T2 for
t < 21.

We have to mention as well that after deleting an equation tx from the
list, we have to reinsert (reorder) the equations of its left and right neigh-
bors as well, since it has common intersection points (edges of the interval
Intervalx). This means that at each step, we have to delete up to 6 equations
from the list and to add 6 new equations.

3.2 Some Benefits of the GrA (GrA-I) in Comparison with
the DPA

1. The time complexity of the modified GrA-I is O(nkmaxA log(kmaxA))
in contrast to the time complexity O(nA2) of the DPA.

2. In spite of the fact that the complexity of the non-modified GrA-I is
O(n(A ·kmax)

2) and the complexity of the DPA is O(nA2), in practice,
the running time of the GrA-I is substantially less.

3. The running time of the GrA for two instances I1 and I2, where all
parameters of I2 are equal to the parameters of I1 multiplied by M >
1, M ∈ Z, will be the same, although the running time of the DPA
increases M2 times. Thus, using the GrA, we can solve large scale
instances or instances with real numbers in a more effective way.

4. If at stage l, l = 1, 2, . . . , n, we have klBPl > A, then we can recalculate
the table for Fl(T ) from the table used in the DPA and continue with
all other stages according to the DPA. This means that the running
time of such a modification is always less than the running time of the
DPA.

5. The GrA-I is more effective for some sub-cases. As we saw in Section 2
for a numerical instance, for some functions at stage 4, the complexity
of the GrA-I will be less, if all functions fj(t) are step functions. Then
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the time complexity of the GrA-I is O(nkmaxA), which is substantially
less than the complexity of the DPA considered.

6. As it is shown in Section 4, it is easier to construct an FPTAS based
on a GrA.

4 An FPTAS Based on a GrA

In this section, a fully polynomial-time approximation scheme (FPTAS) is
presented based on the corresponding GrA.

First, we recall some relevant definitions. For the optimization problem
of minimizing a function F (π), a polynomial-time algorithm that finds a
feasible solution π′ such that F (π′) is at most ρ ≥ 1 times less than the
optimal value F (π∗) is called a ρ-approximation algorithm; the value of ρ
is called a worst-case ratio bound. If a problem admits a ρ-approximation
algorithm, it is said to be approximable within a factor ρ. A family of ρ-
approximation algorithms is called a fully polynomial-time approximation
scheme, or an FPTAS, if ρ = 1 + ε for any ε > 0 and the running time is
polynomial with respect to both the length of the problem input and 1/ε.
Notice that a problem, which is NP-hard in the strong sense, admits no
FPTAS unless P = NP.

Let LB = max
j=1,...,n

fj(A) be a lower bound and UB = n ·UB be an upper

bound on the optimal objective function value for the problem.
The idea of the FPTAS is as follows. Let δ = εLB

n . To reduce the
time complexity of the GrA, we have to diminish the number of columns
BKl considered, which is the number of different objective function values
0 = b1 = b2, b3, . . . , bBLk = UB. If we do not consider the original values
bk but the values bk which are rounded up or down to the nearest multiple
of δ values bk, there are no more than UB

δ = n2

ε different values bk. Then
we will be able to convert the table for the function Fl(t) into a similar
table with no more than 2n2

ε columns (see Fig. 6). Furthermore, for such a
modified table (function) F ′(t), we will have |F (t) − F ′(t)| < δ ≤ εF (π∗)

n . If
we do the rounding and modification after each step III of the GrA, then the
cumulative error will be no more than nδ ≤ εF (π∗), and the total running
time of the n runs of the GrA will be

O

(
n3kmax

ε
log(kmax

n2

ε
)

)
,

i.e., an FPTAS is obtained.
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Figure 6: Substitution of columns and modification of Fl(T )

In [6], a technique was proposed to improve the complexity of an ap-
proximation algorithm for optimization problems. This technique can be
described as follows. If there is an FPTAS for a problem with a run-
ning time bounded by a polynomial P (L, 1ε ,

UB
LB ), where L is the length

of the problem instance and UB, LB are known upper and lower bounds,
and the value UB

LB is not bounded by a constant, then the technique en-
ables us to find in P (L, log log UB

LB ) time values UB0 and LB0 such that
LB0 ≤ F ∗ ≤ UB0 < 3LB0, i.e., UB0

LB0
is bounded by the constant 3. By using

such values UB0 and LB0, the running time of the FPTAS will be reduced
to P (L, 1ε ), where P is the same polynomial. So, by using this technique, we
can improve the FPTAS to have a running time of

O

(
n2kmax

ε
log(kmax

n

ε
)(1 + log log n)

)
,

A detailed description of FPTASes based on a GrA for some single ma-
chine scheduling problems was presented in [2].

5 A GrA for the Problem P-Cost

In this section, a GrA for the problem of finding lot-sizes and sequencing
several products on a single imperfect machine [7] is presented. For this
problem, we have similar Bellman equations. Moreover, the problem P-Cost
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can be reduced to the Project Investment problem. Here, we consider a
special case of problem P-Cost, for which the GrA improves the complexity
of the DPA substantially.

The production line considered in this paper contains one facility (ma-
chine), which produces items of n different products in lots. A lot is a
maximal set of items of the same product manufactured sequentially on the
machine. The machine cannot process more than one item simultaneously.
A sequence-dependent setup time is required between items of different prod-
ucts. The machine is imperfect in the following two senses: it can produce
defective items which are not repairable, and it can break down. It is as-
sumed that no item can be produced during a setup or breakdown and that
setup and breakdown times cannot overlap. The following deterministic pa-
rameters are assumed to be given for each product j, j = 1, . . . , n: bj , bj > 0,
is the demand for good quality items; cj, cj > 0, is the per item cost of the
unsatisfied demand; tj, tj > 0 is the processing time of an item; si,j, si,j ≥ 0
is the setup time between items of products i and j; ϕj(x) is a non-decreasing
integer-valued function representing the number of defective items, x is the
total manufactured quantity of product j; fj(0) = 0, and fj(x) < x for
x = 1, 2, . . . , n; T (x1, . . . , xn) is a non-negative non-decreasing real-valued
function representing the cumulative machine breakdown time before the
production of the last item, and xj is the total number of manufactured
items of product j.

The problem is to minimize the total cost

n∑
j:=1

cj max{0, bj − (xj − fj(xj))},

of demand dissatisfaction subject to the constraint that the completion time
Cmax of the last item does not exceed a given upper bound A. This problem
was denoted as P-Cost.

In [7], this problem is solved in two steps. In the first step, a sequence
of lots is computed by using an exact B&B algorithm for the Traveling
Salesman Problem to minimize total setup time. The time complexity of
this algorithm is O(n22n). Let TT be the total time given for production.
Then A = TT − TS∗, where TS∗ is the minimal total setup time.

In the second step, the function

F (x1, . . . , xn) =

n∑
j:=1

cj max{0, bj − (xj − fj(xj))}
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is minimized, where
∑n

j:=1 xjtj ≤ A. It is obvious that this problem can be
solved in O(nA2) time by a DPA with Bellman equations similar to the ones
presented in Section 1.

In [7], the authors considered a special case of this problem, where
fj(xj) = �αjxj�, and they presented an FPTAS with a time complexity
of

O

⎛
⎝n3

ε2
+ n3 log log(

n∑
j:=1

cjbj)

⎞
⎠ .

According to the results of the numerical experiments provided in [8], this
FPTAS works slower than an exact algorithm provided by CPLEX for a MIP
formulation of the problem. However, we have to note the following. Since
the traveling salesman problem (TSP) solved in the first step is many times
more difficult, it seems to be necessary to do the following. First, using an
effective algorithms we find UBTS and LBTS , which are an upper and a lower
bound on the optimal objective function value for the TSP. Then we use the
DPA to solve the problem P-Cost, where A = TT − LBTS . As a result of
the DPA, we will have optimal solutions for all A′ ∈ [0, A], in contrast to the
fact that CPLEX provides only an optimal solution for A′ = A. Then we
return to the TSP and decide whether it makes sense to continue the B&B
calculations, i.e., which result will be obtained for the problem P-Cost, if
we improve the current value UBTS . So, this approach seems to be more
effective than a combination of the B&B algorithm for the TSP and CPLEX.

If we assume fj(xj) = αjxj, then we can use the GrA to solve the
problem, where kl = 2, l = 1, . . . , n. The analytical form fj(xj) = αjxj
seems to be more adequate than fj(xj) = �αjxj� since, in practice, we deal
with functions fj(xj) statistically received.

Lemma 2 The problem P-Cost with fj(xj) = αjxj, j = 1, . . . , n, is NP-
hard.

Proof: We present a polynomial time reduction from the Partition Problem,
which is as follows.
Partition problem. A set N = {a1, a2, . . . , an} of values a1 ≥ a2 ≥ . . . ≥
an > 0 with ai ∈ Z+, i = 1, 2, . . . , n, and a value A ∈ Z, A = 1

2

∑n
j=1 aj are

given. Is there a subset N ′ ⊂ N such that
∑

j∈N ′ aj = A?
Each lot j ∈ N corresponds to an item j ∈ N . Moreover, we have

bj = 1, αj = 0, cj = tj = aj and A = A. There exists an optimal solution
of the problem P-Cost with F ∗ = A if and only if there exists such a subset
N ′ for the Partition problem. �
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Theorem 2 The problem P-Cost with fj(xj) = αjxj , j = 1, . . . , n, can be
solved by the GrA-I in O(nA logA) time.

Theorem 3 For the problem P-Cost with fj(xj) = αjxj, j = 1, . . . , n, there
exists an FPTAS based on the GrA with a time complexity of

O

⎛
⎝n2

ε
log(n/ε) + n2 log log(

n∑
j:=1

cjbj)

⎞
⎠ .

6 Concluding Remarks

The graphical approach can be applied to problems, where a pseudo-
polynomial algorithm exists based on the Bellman equations. For the Project
Investment and the P-Cost problems, the graphical algorithm improved the
complexity of the corresponding pseudo-polynomial algorithm substantially.
An FPTAS based on this GrA can be constructed. Thus, the graphical
approach has both a practical and theoretical importance.
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