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Abstract

In mixed effect models the variability of the regression parameters has
substantial influence on the choice of the optimal design. If less observa-
tions per individual are possible than parameters are to be estimated, the
optimality results of single-group designs no longer hold.

1 Introduction

In population pharmacokinetic studies the blood samples of individuals are eval-
uated together in one model, assuming that the same regression function can be
used for all subjects, with slightly different parameters for the different individu-
als. These differences from the population mean are modeled by random variables.
The purpose of this article is to study the design for quadratic regression in mixed
effect models, in the case of two allowed observations per individual. Taking many
blood samples of one individual is costly, unethical and in some cases even not pos-
sible. If less observations are being made than parameters are to be estimated, the
occuring D-optimal individual design, will lead to a singular information matrix.
The use of population designs with different observation groups helps to construct
estimates for the population parameter vector.
Cheng[2] and Atkins and Cheng[1] provide D-optimal designs for quadratic re-
gression with random intercept, considering two observations per subject. In this
article we generalize these results to polynomial regression with random slope and
random curvature.
In section 2 we introduce the mixed effects model. Section 3 will introduce D-
optimal designs for quadratic regression with random parameters, considering less
observations per individual than parameters are to be estimated. We will show
results on the efficiency of D-optimal designs compared to a trivial three-group
design.
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2 The model

In the considered mixed model, the j-th observation of individual i, taken at the
experimental setting xij in a design region X, is modeled by

Yij = f(xij)T β̃i + εij , where
εij ∼ N(0, σ2)

β̃i = β + bi and bi ∼ Np(0, σ2D).

The vector β is the p-dimensional vector of population parameters, and bi is the
vector of individual effects. For quadratic regression β = (β1, β2, β3)T ∈ R3. It is
assumed that the covariance matrix of the individual effects is a diagonal matrix:

D = diag(d1, d2, d3) =

d1 0 0
0 d2 0
0 0 d3

 .

To interpret the matrix an example may help: If we assume d2 = d3 = 0 the
regression functions of the individuals would differ in the intercept β̃1 only.

The observation errors εi and the individual effects bi are assumed to be in-
dependent. The vector of the mi observations taken from individual i is then
described by

Yi = Fiβ̃i + εi,

where Fi = (f(xi1), ..., f(ximi
))T is the design matrix for the observations of indi-

vidual i. Then the individual discrete design can be represented by

ξi = (xi1, ..., xiki ,mi1, ...,miki) with
ki∑

j=1

mij = mi.

The integer mij represents the number of replicated measurements in the experi-
mental setting xij . For discrete designs mij are integers. For arbitrary mij ∈ R+

with
ki∑

j=1

mij = mi we call ξi an approximate individual design.

With the normality of the random error term and the individual effects, the ob-
servation vector Yi has the marginal distribution

Yi ∼ Nmi
(Fiβ, σ2(FiDFT

i + Imi
)).

Let the matrices F,G, Vi and V be defined as

F := (FT
1 , ..., FT

n )T ,

G := diag((F1, ..., Fn)),
Vi := (FiDFT

i + Imi
) and

V := diag(V1, ..., Vn).
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Then the model for all observations is described by

Y = Fβ + Gb + ε ∼ N∑
mi

(Fβ, σ2V ), where b = (bT
1 , ..., bT

n ), ε = (εT
1 , ..., εT

n )T .

If we consider the case that the matrix F has full column rank and that the
parameter variance matrix D is known, the population parameter vector β can be
estimated using the weighted least squares estimator:

β̂ = (FT V −1F )−1FT V −1Y.

Target of the design optimization is to minimize in some sense the covariance of
the estimator β̂:

cov(β̂) = σ2(FT V −1F )−1.

This optimization task is equivalent to maximizing the information matrix, which
is of the form:

Mpop :=
n∑

i=1

FT
i V −1

i Fi.

D-optimal designs minimize the volume of the confidence ellipsoid, what is equiv-
alent to maximizing the determinant of the information matrix.
To turn the discrete optimization problem in a continuous one, we allow approxi-
mate more-group designs:

ζ := (ξ1, ..., ξk, ω1, ..., ωk) with
k∑

i=1

ωi = 1.

This means that 100×ωi% of the population will be observered unter the discrete
individual design ξi. For the construction of D-optimal designs and to prove the
optimality, we can use the multivariate form of the Equivalence Theorem[3] with
the sensitivity function gζ :

gζ(ξ) := TrFξMpop(ζ)−1FT
ξ V −1

ξ ,

for a population design ζ and an individual design ξ with Fξ being the design
matrix of the design ξ.

For approximate individual designs Schmelter[4] proved that D-optimal ap-
proximate single-group designs retain their optimality even if more-group designs
are allowed. Optimal approximate individual designs can be realized only in few
cases. For the special case of two observations per individual in quadratic regres-
sion, single-group designs would lead to singular information matrices. It is obivous
that they lose their optimality. In the next section we will construct D-optimal
designs for quadratic regression under the assumption of random effects with vari-
ance matrices D1 = diag(d1, 0, 0), D2 = diag(0, d2, 0) and D3 = diag(0, 0, d3) and
that the individual designs consist of two observations only, whereas the population
designs are assumed to be approximate more-group designs.
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3 D-Optimal designs for quadratic regression with
random parameters

It is obvious that approximate single-group designs lose their optimality, if less
observation per individual can be taken than parameters are to be estimated.

For the case of one sample per individual, it is rather easy to calculate D-
optimal designs:

Theorem 1. Assume X = [−1, 1], D = Dk, k = 1, 2, 3 and Fi = (1, xi, x
2
i ), with

xi ∈ X. The D-optimal design ζ∗dk
for estimating the population parameter vector

β is of the form

ζ∗dk
=

(
−αdk

0 αdk
1
3

1
3

1
3

)
with αdk

= 1 for k = 1, 2 and with αdk
being dependent of the variance in the

parameter β3 for k = 3.

Proof: Invariance considerations yield the symmetric structure of D-optimal
designs in quadratic regression. The sensitivity function for the case k = 1 and
the design ζ∗d1

has the form

gζ∗d1
(x) = 3− 4.5x2 + 4.5x4.

For x ∈ X we get gζ∗d1
≤ 3. For the sensitivity function in the case k = 2 and the

design ζ∗d2
, for x ∈ X follows:

gζ∗d2
(x) =

3(2− 3x2 + d2x
2 + 3x4 + d2x

4)
2(1 + d2x2)

≤ 3(2 + 2d2x
2)

2(1 + d2x2)
= 3.

In the case d3 with

αd3 =

{
1 for d3 ≤ 3
4

√
3
d3

for d3 > 3

follows for d3 > 3

gζ∗d3
(x) =

3(2α4
d3
− 3x2α2

d3
+ d3x

2α6
d3

+ 3x4 + d3x
4α4

d3
)

2(1 + d3x4)α4
d3

= 3.

For d3 ≤ 3 we have to show

gζ∗d3
(x) =

3(2− 3x2 + d3x
2 + 3x4 + d3x

4)
2(1 + d3x4)

≤ 3

⇔ 2− 3x2 + d3x
2 + 3x4 + d3x

4 ≤ 2(1 + d3x
4)

⇔ −x2(x− 1)(x + 1)(d3 − 3) ≤ 0.
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Since x ∈ [−1, 1], we obtain gζ∗d3
(x) ≤ 3 for d3 ≤ 3. 2

Graßhoff et al.[5] show for linear regression with one observation per individual
and a random effect covariance matrix of the form D = diag(d1, d2) that the design

ζ∗D =
(
−1 1
1
2

1
2

)

retains its optimality for d1 ≥ d2. In the case of quadratic regression, the D-
optimal design for D1 and D2 will retain its optimality for D = diag(d1, d2, 0)
even if d2 > d1. For general D = diag(d1, d2, d3) the D-optimal Design retains its
optimality as long as the unequality

(3 + 3d1 + d2) ≥ d3

is fullfilled.

For the case of two oberservations per individual, the calculation of D-optimal
designs complicates. According to Cheng[2] and Atkins and Cheng[1], the D-
optimal design for the random intercept case with two observations per individual,
will be an approximate three-group design of the form

ζ∗d1
=

(
1
−1

) (
1

αd1

) (
−1
−αd1

)
ωd1

1
2 (1− ωd1)

1
2 (1− ωd1)

 ,

where αd1 ∈ (−1, 1) and ωd1 ∈ (0, 1) depend on the variance of the intercept.
Due to invariance considerations, the D-optimal information matrix in the case
with random effects and two observations per individual will be of the form

Mpop(ζ) =

a 0 b
0 c 0
b 0 d

 (1)

with

a =
k∑

i=1

ωi

detVi
(2 + d2(xi − yi)2 + d3(x2

i − y2
i )2)

b =
k∑

i=1

ωi

detVi
(x2

i + y2
i − d2xiyi(xi − yi)2)

c =
k∑

i=1

ωi

detVi
(x2

i + y2
i + d1(xi − yi)2 + d3x

2
i y

2
i (xi − yi)2)

d =
k∑

i=1

ωi

detVi
(x4

i + y4
i + d1(x2

i − y2
i )2 + d2x

2
i y

2
i (xi − yi)2)
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and an arbitrary more-group design

ζ :=

(
x1

y1

)
. . .
. . .

(
xk

yk

)
ω1 . . . ωk

 .

Let the sensitivity function gζ be defined as

gζ(x, y) := TrF (x, y)Mpop(ζ)−1F (x, y)T V (x, y)−1,

for a design ζ and

F (x, y) :=
(

1 x x2

1 y y2

)
, V (x, y) := (F (x, y)DF (x, y)T + I2).

Theorem 2. Assume X = [−1, 1], D = D2 and Fi = F (xi, yi) with xi, yi ∈ X.
The D-optimal design ζ∗d2

for estimating the population parameter vector β is of
the form

ζ∗d2
=

 (
1
−1

) (
αd2

−αd2

)
1− ωd2 ωd2


with αd2 and ωd2 being dependent of the variance in the parameter β2.

Figure 1: The figure shows the optimal experimental settings in dependence of the
variance for the case D2 and the according optimal weights.

Proof: Let

g̃ζ(x, y) := det(V (x, y))(ad− b2)c(gζ(x, y)− 3)
g̃ζ;x(x) := g̃ζ(x,−x)
g̃ζ;1(x) := g̃ζ(x, 1),

with a, b, c and d as defined in (1).
For D-optimal designs the modified sensitivity function g̃ζ will be nonpositive and
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will be 0 for support points of the D-optimal design. Support points will be located
on the border of the design region or will be local maxima of the function g̃ζ . For
the case of random slope, the modified sensitivity function g̃ζ is of the form

g̃ζ(x, y) = −2bc(x2 + y2 − d2xy(x− y)2) + ac(x4 + y4 + d2x
2y2(x− y)2)

−b2(x2 + y2) + ad(x2 + y2) + dc(2 + d2(x− y)2)
−3c(1 + d2(x2 + y2))(ad− b2)

and it can be easily seen that g̃ζ(x, y) = g̃ζ(y, x) = g̃ζ(−x,−y) = g̃ζ(−y,−x).
With symmetry considerations follows that local maxima of g̃ζ can be located
in points (−x, x) only. The function g̃ζ;x is a polynomial of order 6 with even
exponents only. In support points of the D-optimal design, the function g̃ζ;x will
have roots and local maxima. We assume that the point (−1, 1) supports the
optimal design. It follows that the function g̃ζ;x has maximal 4 roots on the
interval [−1, 1].
From now on, we assume that the D-optimal design is of the form

ζ2 =

(
1
−1

) (
α
−α

)
1− ω ω


By analyzing and solving the problems

g̃ζ2;x(−1) = g̃ζ2;x(1) = g̃ζ2;x(−α) = g̃ζ2;x(α) = 0,

∂g̃ζ;x

∂x
(α) =

∂g̃ζ;x

∂x
(−α) = 0 and

∂2g̃ζ;x

∂2x
(α),

∂2g̃ζ;x

∂2x
(−α) < 0

we get the following result for the optimal support point α∗:

α∗ =

{
0 for d2 ≤ 1.5√

(4d2+2+
√

1+2d2)(4d2−3
√

1+2d2)

4d2(8d2+4+8
√

1+2d2d2+5
√

1+2d2)
for d2 > 1.5

with weights ω∗ on α∗:

ω∗ =

{
1/3 for d2 ≤ 1.5
4d2+1−

√
1+2d2

8d2+3 for d2 > 1.5.

For d2 ≤ 1.5 the analysis of the modified sensitivity function would lead to complex
support points, which exceed the design region. To prove the D-optimality for
d2 ≤ 1.5, it is sufficient to show that g̃ζ2;x(x) ≤ 0 and g̃ζ2;1(x) ≤ 0, what is obvious
since for x ∈ (−1, 1) and d2 ≤ 1.5:

g̃ζ2;x(x) =
16x2(x2 − 1)(2d2(3x2 − 1) + 3)

9(1 + 2d2)
≤ 0

g̃ζ2;1(x) =
8x2(x + 1)((3x− 5)d2 + 3(x− 1))

9(1 + 2d2)
≤ 0.
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For the case d2 > 1.5, only nonpositivity on the border of the design region is left
to be shown. Since g̃ζ2;1(−1) = 0,

g̃ζ2;1(x) = (x + 1)ĝζ2;1(x)

with ĝζ2;1(x) being a polynomial of third degree in x. It can be shown that

ĝζ2;1(−1) < 0 and ĝζ2;1(1) < 0.

It follows that the function ĝζ2;1(x) has not more than 2 roots on (−1, 1). If the
function has only one root on the intervall, then this will be a local maximum.
Let x∗(d2) denote the maximizing x for ĝζ2;1 in dependence of d2. Then it can be
shown that the function ĝζ2;1(x

∗(d2)) is monotonly decreasing in d2. Since

ĝζ2;1(x
∗(1.5)) = ĝζ2;1(0) = 0,

the D-optimality follows for all d2 ≥ 1.5. 2

The sensitivity function of designs, and by this the optimal designs, strongly
depend on the variance in the random parameters. For D1 and D2 and two
observations per individual the structures of the D-optimal designs differ and the
D-optimal designs always depend on the variance. One would expect, that for D3

similar results can be obtained. It is in some way surprising that the D-optimal
design for random curvature will not depend on the variance in the curvature:

Theorem 3. Assume X = [−1, 1], D = D3 and Fi = F (xi, yi) with xi, yi ∈ X.
The D-optimal design ζ∗d3

for estimating the population parameter vector β is of
the form

ζ∗d3
=

(
1
−1

) (
0
0

)
2/3 1/3

 ,

independent of the variance in the parameter β3.

Proof: Note that for the design ζ∗d3
as defined in the theorem, the sensitivity

function has the form:

gζ∗d3
(x, y) := TrF (x, y)Mpop(ζ∗d3

)−1F (x, y)T V (x, y)−1

=
3(d3(x2y2((x− y)2 + 4) + 4(x2 − y2)2)− 3(x2 + y2 − x4 − y4) + 4)

4(1 + d3(x4 + y4))
.

Assume gζ∗d3
(x̂, ŷ) > 3 for x̂, ŷ ∈ [−1, 1]. Then

d3(x̂2ŷ2((x̂− ŷ)2 + 4) + 4(x̂2 − ŷ2)2)− 3(x̂2 + ŷ2 − x̂4 − ŷ4) > 4d3(x̂4 + ŷ4)
⇔ x̂2ŷ2(x̂− ŷ + 2)(x̂− ŷ − 2)d3 > 3(x̂2 + ŷ2 − x̂4 − ŷ4).
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Since x̂, ŷ ∈ [−1, 1],

x̂2ŷ2(x̂− ŷ + 2)(x̂− ŷ − 2)d3 ≤ 0, whereas 3(x̂2 + ŷ2 − x̂4 − ŷ4) ≥ 0.

With this contradiction follows that no pair (x̂, ŷ) exists, with gζ∗d3
(x̂, ŷ) > 3. The

multivariate form of the Equivalence Theorem yields D-optimality. 2

It is obvious that the two-observation more-group designs are less D-efficient
than the D-optimal single-group designs with approximate individual designs. Al-
ready more interesting is the efficiency of a trivial design

ζB =

(
1
−1

) (
1
0

) (
−1
0

)
1/3 1/3 1/3

 ,

compared to the optimal designs in the cases D = D2 and D = D3. Cheng[2]
shows similar results for random intercepts, which were included in the table. For
random intercepts the decrease in efficiency is much slower than for random slope
or random curvature. This can be explained by the optimal design structure,
which is for D = D1 similar to the trivial design.

Table 1: D-efficiency of the trivial design ζB compared to the D-optimal two-
observation designs

ρ = dk

dk+1 efficiency for k = 1 efficiency for k = 2 efficiency for k = 3
0 1 1 1

0.1 0.99950 0.99918 0.99918
0.2 0.99820 0.99666 0.99666
0.3 0.99631 0.99243 0.99243
0.4 0.99397 0.98647 0.98647
0.5 0.99126 0.97872 0.97872
0.6 0.98826 0.96905 0.96905
0.7 0.98500 0.95229 0.95738
0.8 0.98153 0.92311 0.94354
0.9 0.97788 0.87795 0.92735

4 Discussion

In the present simple model of quadratic regression, the optimal design in cases
when only two observations are allowed, strongly depends on the variance in the
parameters. For isolated variances in the slope or the curvature of the regres-
sion function, the optimal design could be explicitly calculated. If more than one
parameter has random effects, the model complicates. In examples for this case
could be seen that one of the design structures derivated for the cases D = D1,
D = D2 or D = D3 leads to the D-optimal design. This leads to the assumption
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that one parameter dominates the design and that the domination is dependent of
the variance ratios. In relation to this, it will be very interesting, to analyze the
design for cases, if two or more parameters at the same time influence the design.
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