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Abstract The problem of optimal designs for the prediction of individual parameters
in random coefficient regression in the particular case of a given population mean
was considered by Gladitz and Pilz (1982). In the more general situation, where
the population parameter is unknown, D- and L-optimal designs were discussed in
Prus and Schwabe (2016). Here we present analytical results for designs, which are
optimal for the prediction in the case of interpolation as well as extrapolation of the
individual response.

1 Introduction
Hierarchical random coefficient regression models are very popular in many fields
of statistical applications. The subject of this paper is the problem of finding optimal designs for interpolation and extrapolation in such models. Optimal designs
for interpolation and extrapolation in fixed effects models were considered in detail
in Kiefer (1964a, 1964b). Some theory for determining Bayesian optimal designs,
which are also optimal for the prediction of the individual deviations from the population mean in random coefficients regression models (see Prus (2015)), was developed by Chaloner (1984) (see also Chaloner (1982)). The problem of optimal
designs for the prediction of individual parameters in random coefficient regression
models was considered in Prus and Schwabe (2016) for the linear and the generalized D-criteria. Here we deal with the c-criterion for the prediction and formulate the
optimality condition for approximate designs. We consider the problem of optimal
designs for interpolation and extrapolation as a particular case of the c-criterion for
the straight line regression model and illustrate the results by a numerical example.
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The paper has the following structure: In the second part the hierarchical random
coefficient regression model is specified and the best linear unbiased prediction of
the individual parameters is introduced. The third part provides analytical results for
c-optimal designs. In the fourth part optimal designs for interpolation and extrapolation are considered. The last section presents some discussion and an outlook.

2 Model Specification and Prediction
In the hierarchical random coefficient regression model the j-th observation of individual i is given by
Yi j = µi (xi j ) + εi j ,

xi j ∈ X ,

j = 1, .., mi ,

i = 1, .., n,

(1)

at the individual level, where n denotes the number of individuals, mi is the number of observations at individual i, µi (x) are the response functions of the form
µi (x) = f(x)> β i , f = ( f1 , .., f p )> is the vector of known regression functions, and
β i = (βi1 , .., βip )> is the individual parameter vector specifying the individual response. The experimental settings xi j may be chosen from a given experimental region X . Within an individual the observations are assumed to be uncorrelated given
the individual parameters. The observational errors εi j have zero mean E(εi j ) = 0
and are homoscedastic with common variance var(εi j ) = σ 2 .
The individual random parameters β i are assumed to have an unknown population mean E(β i ) = β and a given covariance matrix Cov(β i ) = σ 2 D, where the
dispersion matrix D is assumed to be regular. All individual parameters and all observational errors are assumed to be uncorrelated.
We consider the particular case of the model (1) where the number of observations as well as the experimental settings are the same for all individuals (mi = m
and xi j = x j ).
We investigate the predictor of the individual parameters β 1 , ..., β n . This predictor is also sometimes called estimator of the random parameters and can be viewed
as an empirical Bayes estimator.
As exhibited in Prus and Schwabe (2011), the best linear unbiased predictor β̂ i
of the individual parameter β i is a weighted average of the individualized estimate
β̂ i;ind = (F> F)−1 F> Yi , based on the observations at individual i, and the estimator
of the population mean β̂ = (F> F)−1 F> Ȳ,
β̂ i = D((F> F)−1 + D)−1 β̂ i;ind + (F> F)−1 ((F> F)−1 + D)−1 β̂ .

(2)

Here F = (f(x1 ), ..., f(xm ))> denotes the individual design matrix, which is equal for
all individuals, Yi = (Yi1 , ..., Yim )> is the observation vector for individual i, and
Ȳ = n1 ∑ni=1 Yi is the average response across all individuals.
The performance of the prediction (2) may be measured in terms of the mean
>

>

squared error matrix of (β̂ 1 , ..., β̂ n )> . The latter matrix has the form
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>
−1 −1
> −1
+ ( 1n 1n 1>
MSE = σ 2 ((In − n1 1n 1>
n ) ⊗ (F F + D )
n ) ⊗ (F F) ),
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(3)

where In is the n × n identity matrix, 1n is a n-dimensional vector of ones and “⊗”
denotes the Kronecker product of matrices. The mean squared error matrix (3) is a
weighted average of the corresponding covariance matrix in the fixed effects model
and the Bayesian one.
Note that the response functions µi (x0 ) = f(x0 )> β i are predictable for all values
of x0 (not necessarily from the experimental region X ) also if the design matrix F
is not of full rank and consequently the matrix F> F is singular (see Prus (2015)).
However, the individual parameters β i themselves are not predictable if the design
matrix is not full rank.

3 c-Optimal Design
The mean squared error matrix of a prediction depends crucially on the choice of the
observational settings x1 , ..., xm , which can be chosen by the experimenter to minimize the mean squared error matrix and which constitute an exact design. Typically
the optimal settings will be not necessarily all distinct. Then a design


x1 , ..., xk
ξ=
(4)
w1 , ..., wk
can be specified by its distinct settings x1 , ..., xk , k ≤ m, say, and the corresponding
numbers of replications m1 , ..., mk or the corresponding proportions w j = m j /m.
For analytical purposes we make use of approximate designs in the sense of
Kiefer (see e. g. Kiefer, 1974), for which the integer condition on mw j is dropped
and the weights w j ≥ 0 may be any real numbers satisfying ∑kj=1 w j = 1 or equivalently ∑kj=1 m j = m. For these approximate designs the standardized information
matrix for the model without individual effects (β i ≡ β , i. e. D = 0) is defined as
M(ξ ) = ∑kj=1 w j f(x j )f(x j )> = m1 F> F.

(5)

Further we introduce the standardized dispersion matrix of the random effects
∆ = mD for notational ease. With these notations we define the standardized mean
squared error matrix for the prediction of the individual parameters as
−1 −1
−1
MSE (ξ ) = (In − 1n 1n 1>
+ ( n1 1n 1>
n ) ⊗ (M(ξ ) + ∆ )
n ) ⊗ M(ξ ) .

(6)

For any exact design ξ all mw j are integer. Then the matrix MSE (ξ ) coincides with
the mean squared error matrices (3) up to a multiplicative factor σ 2 /m.
In this paper we focus on the extended c-criterion for the prediction (see Prus
(2015) or Prus and Schwabe (2016)), which is defined as the sum of the variances
of c> β̂ i − c> β i across all individuals, where c is a specified vector of dimension p:
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cβ (ξ ) = ∑ var (c> β̂ i − c> β i ).

(7)

i=1

Using (6), the standardized c-criterion Φβ =

m
c
σ2 β

can be represented as

Φβ (ξ ) = c> M(ξ )−1 c + (n − 1) c> (M(ξ ) + ∆ −1 )−1 c,

(8)

which is a weighted sum of the c-criterion in the fixed effects model and the
Bayesian c-criterion.
With the general equivalence theorem (see e. g. Silvey, 1980, ch. 3) we may obtain the following characterization of an optimal design.
Theorem 1. The approximate design ξ ∗ with non-singular information matrix M(ξ ∗ )
is c-optimal for the prediction of individual parameters if and only if
[f(x)> M(ξ ∗ )−1 c]2 + (n − 1) [f(x)> (M(ξ ∗ ) + ∆ −1 )−1 c]2
≤ c> M(ξ ∗ )−1 c + (n − 1) c> (M(ξ ∗ ) + ∆ −1 )−1 M(ξ ∗ )(M(ξ ∗ ) + ∆ −1 )−1 c

(9)

for all x ∈ X .
For any experimental setting x j of ξ ∗ with w j > 0 equality holds in (9).
Note that optimal designs, which result in singular information matrices, may
also exist.

4 Optimal Designs for Interpolation and Extrapolation
For models without random effects the interpolation and extrapolation problem was
considered in detail by Kiefer and Wolfowitz (1964a, 1964b). The Bayesian optimal
designs were discussed in Caloner (1984) (see also Chaloner (1982)).
In this section we examine the straight line regression
Yi j = βi1 + βi2 x j + εi j

(10)

on the experimental region X = [0, 1]. The settings x j can be interpreted as time or
dosage and x = 0 means a measurement at baseline. We assume uncorrelated components such that the dispersion matrix D = diag (d1 , d2 ) of the random effects is
diagonal with entries d1 and d2 for the variance of the intercept and slope, respectively. The variance of the intercept is assumed to be small, d1 < 1/m.
The problem of optimal designs for interpolation and extrapolation of the response functions µi (x0 ) = f(x0 )> β i at some given point x0 ∈ X = [0, 1] and
x0 ∈
/ X = [0, 1], respectively, may be recognized as a special case of the c-criterion
(8) for the prediction with c = f(x0 ) = (1, x0 )> .
It follows from Theorem 1 that for c = (1, x0 )> the c-optimal designs (with nonsingular information matrices) only take observations at the endpoints x = 0 and
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x = 1 of the design region, since the sensitivity function, given by the left hand side
of inequality (9), is then a polynomial in x of degree 2 with positive leading term.
Hence, the optimal design ξ ∗ is of the form


0 1
ξw =
,
(11)
1−w w
and only the optimal weight w∗ has to be determined. For designs ξw the criterion
function (8) is calculated with γk = 1/(m dk ) for k = 1, 2 to
Φβ (ξw ) =

x2 (1 + γ1 ) − 2wx0 + w + γ2
x02 − 2wx0 + w
+ (n − 1) 0
.
w(1 − w)
(1 + γ1 )(w + γ2 ) − w2

(12)

To obtain numerical results the number of individuals and the number of observations at each individual are fixed to n = 100 and m = 10. For the variance d1
of the intercept we use the value 0.001. Figure 1 illustrates the dependence of the
optimal weight w∗ on the rescaled variance parameter ρ = d2 /(1 + d2 ), which in a
way mimics the intraclass correlation and has the advantage of being bounded, so
that the whole range of slope variances d2 can be shown. We use the values 0.9, 0.5
and 0.3 for the interpolation point and the values 1.2, 2 and 100 for the extrapolation point x0 . Note that in both cases of interpolation and extrapolation the optimal
weights w∗ are equal for ρ = 0 to that in the model without random effects: w∗ = x0
and w∗ = x0 /(2x0 − 1), respectively (see e.g. Schwabe (1996), ch. 2).
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Fig. 1 Optimal weights w∗ for interpolation (left panel) in x0 = 0.9 (solid line), x0 = 0.5 (dashed
line) and x0 = 0.3 (dotted line) and extrapolation (right panel) in x0 = 1.2 (solid line), x0 = 2
(dashed line) and x0 = 100 (dotted line) as functions of ρ=d2 /(1+d2 )

In Figure 2 the efficiency eff (ξ ) = Φβ (ξw∗ )/Φβ (ξw ) is plotted for the optimal
designs ξw with w = x0 and w = x0 /(2x0 − 1) in the fixed effects model for interpolation and extrapolation, respectively.
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Figure 3 represents the efficiency of the Bayesian optimal designs. Note that the
latter designs are optimal for the prediction of the individual deviations bi = β i − β
from the population mean in the random coefficient regression model (1) (see Prus
(2015)).
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Fig. 2 Efficiency of the optimal designs in fixed effects model for interpolation (left panel) in
x0 = 0.9 (solid line), x0 = 0.5 (dashed line) and x0 = 0.3 (dotted line) and extrapolation (right
panel) in x0 = 1.2 (solid line), x0 = 2 (dashed line) and x0 = 100 (dotted line) as functions of
ρ=d2 /(1+d2 )
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Fig. 3 Efficiency of the Bayesian optimal designs for interpolation (left panel) in x0 = 0.9 (solid
line), x0 = 0.5 (dashed line) and x0 = 0.3 (dotted line) and extrapolation (right panel) in x0 = 1.2
(solid line), x0 = 2 (dashed line) and x0 = 100 (dotted line) as functions of ρ=d2 /(1+d2 )
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5 Discussion and Outlook
We have proposed an analytical method for determining optimal interpolation and
extrapolation designs for the prediction of individual parameters in hierarchical random coefficient regression. This problem was considered as a particular case of the
c-criterion for the prediction. The criterion function of the c-criterion is a weighted
sum of the c-criterion in the fixed effects models and the Bayesian c-criterion and
can be recognized as a special case of the compound criterion (see e.g. Atkinson et
al. (2007), ch. 21).
It was established that the optimal two-points designs in the fixed effects models are in general not optimal for the prediction. Note that the one-point designs,
which take all observations at point x0 and are also optimal for estimation in models
without random effects, result in even larger values of the criterion function than the
two-points designs mentioned above and perform hence worse. In the numerical
example for the straight line regression with a diagonal dispersion matrix the
Bayesian optimal designs show a similar behavior as the optimal designs for the
prediction. They lead, however, for x0 → 1 to a singular information matrix and
cannot be used for prediction.
The optimality condition for the c-criterion proposed here was formulated for approximate designs, which are not directly applicable and the optimal weights have
to be appropriately rounded. The analytical results presented in this paper are based
on the assumption that all individuals (observational units) get the same treatment.
In one of the next steps of the research the design optimality problem will be considered for a more general case of the hierarchical random coefficient regression,
where different designs are allowed for different individuals.
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