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Abstract In this note we exhibit the usefulness of invariance considerations in ex-
perimental design in the context of nonlinear models.

1 Introduction

Invariance and equivariance are powerful tools in the construction of optimal de-
signs of experiments. In this context equivariance means that simultaneous transfor-
mations on the design region and on the design considered leave the performance
of the design unchanged. In particular, this induces that anoptimal design on the
original design region will be transformed to an optimal design on the transformed
design region. If a design problem is additionally invariant with respect to a whole
group of transformations (symmetries), then the search for an optimal design can be
restricted to the invariant (symmetrized) ones. For standard linear models these prop-
erties are well-known and widely investigated (see e.g. Pukelsheim, 1993, chapter
13, Gaffke and Heiligers, 1996, or Schwabe, 1996, chapter 3). In nonlinear setups,
however, additional features occur which need some clarification. In particular, be-
cause of the parameter dependence of the information matrixthe introduction of
an additional transformation on the parameter space is required. Starting with this
parameter transformation Ford et al. (1992) introduced in their seminal paper equi-
variance under the namecanonical transformation in the context of generalized
linear models. Using this concept Ford et al. (1992) could characterize locally opti-
mal designs for arbitrary pre-specified parameter values onthe basis of standardized
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models. This approach can be readily extended to other nonlinear situation as long
as the intensity function of the information depends only onthe value of the lin-
ear predictor. Here we put their approach bottom-up and start with transformations
of the design region which makes argumentations more straightforward. First we
introduce the model specifications and exhibit the local optimality of transformed
designs in Section 2. In Section 4 we establish the optimality of invariant designs
with respect to robust criteria like weighted or maximin optimality, which avoid pa-
rameter dependence, under the natural additional assumption that also the weight
function or the parameter region of interest, respectively, is invariant.

2 Model, Transformation and Local Optimality

In the following sections it is required that the one-support-point information matrix
M(x,β ) can be written in the form

M(x,β ) = λ
(

f (x)⊤β
)

f (x) f (x)⊤

with an intensity functionλ which only depends on the value of the linear predictor.
The design pointx is in the design regionX ⊆R

k and the parameterβ is inB ⊆R
p.

f : X → R
p is the regression function.

Hence the information matrix of the (generalized) designξ with independent
observations is

M(ξ ,β ) =
∫

X

M(x,β )ξ (dx) =
∫

X

λ
(

f (x)⊤β
)

f (x) f (x)⊤ξ (dx).

In generalized linear models (see McCulloch and Searle, 2004) or for example in
censored data models (see Schmidt and Schwabe, 2015) this prerequisite is fulfilled.

Let g be a one-to-one-mapping of the design regionX . If there is ap× p matrix
Qg with f (g(x)) = Qg f (x) for all x ∈ X , g induces a linear transformation of the
regression functionf and f is linearly equivariant.

These one-to-one-mappings of the design regionX provide a groupG, if every
g ∈ G induces a linear transformation of the regression functionf . One example is
the orthogonal groupO(k) or subgroups of it for ak-dimensional circle.

Here we only want to focus on finite groups of transformation,like the group
generated by a 90◦ rotation in a 2-dimensional space.

The response function should be equivariant with respect tothe transformationg
of the design space. So it is necessary to transform the parameter space as well and
to find a analogous parameter transformation ˜g with

µ(g(x), g̃(β )) = µ(x,β ).

g̃(β ) = (Q⊤
g )

−1β is such a transformation for regularQg.
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If not only the parameter but also the design points are transformed in this way,
the information matrix has the form

M(ξ g, g̃(β )) =
∫

X

M(x, g̃(β ))ξ g(dx)

=
∫

X

λ
(

f (x)⊤g̃(β )
)

f (x) f (x)⊤ξ g(dx)

=

∫

X

λ
(

f (g(x))⊤g̃(β )
)

f (g(x)) f (g(x))⊤ξ (dx)

=
∫

X

λ
(

(Qg f (x))⊤(Q⊤
g )

−1β
)

Qg f (x)(Qg f (x))⊤ξ (dx)

=
∫

X

λ
(

f (x)⊤Q⊤
g (Q

⊤
g )

−1β
)

Qg f (x) f (x)⊤Q⊤
g ξ (dx)

=
∫

X

λ
(

f (x)⊤β
)

Qg f (x) f (x)⊤Q⊤
g ξ (dx)

= Qg

∫

X

λ
(

f (x)⊤β
)

f (x) f (x)⊤ξ (dx) Q⊤
g

= QgM(ξ ,β )Q⊤
g .

In linear models it is commonly known, that optimality criteria Φ are invariant,

Φ(M(ξ g, g̃(β ))) = Φ(QgM(ξ ,β )Q⊤
g ) = Φ(M(ξ ,β )),

if the information matrix is transformed by the matricesQg respectively the groupG
satisfying special properties. So, for example,Φq-optimality, 0≤ q ≤ ∞, is invariant
if the transformation matrixQg is orthonormal (see Schwabe, 1996, chapter 3). In
the special case ofD-optimality it is enough to have unimodal matricesQg.

Local optimality is not invariant, in general, because the information matrix de-
pends on the parameterβ .

There are two consequences. Ifξ is a locally optimal design forβ with respect
to Φ thenξ g is locally optimal for ˜g(β ).

And, in situations, where ˜g(β ) = β for all g̃ the local criterionΦ is invariant at
β :

Φ(M(ξ g, g̃(β ))) = Φ(M(ξ g,β )) = Φ(M(ξ ,β )) for all g ∈ G.

By defining the symmetrized design ofξ with respect to the finite groupG

ξ :=
1

#G ∑
g∈G

ξ g ,

which is an invariant design (with respect toG, ξ
g
= ξ ∀ g ∈ G), it can be shown

like in the theory of linear models (see Schwabe, 1996, chapter 3) that for concave
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and (with respect toG) invariant criterion functionΦ it is Φ(ξ ) ≥ Φ(ξ ) for ev-
ery possible designξ . Hence locally optimal designs can be found in the class of
invariant designs. This is in particular the case whenβ = 0, which is not surpris-
ing, because then the local criterion coincides with that inthe corresponding linear
model without intensity function.

The first consequence should be illustrated in a small example.

3 Example

In Russell et al. (2009) a theorem to find locallyD-optimal designs for Poisson
regression on a cuboid is given. We only want do consider the 2-dimensional case
with f (xi)

⊤β = (1,x1i,x2i)(β0,β1,β2)
⊤ = β0+β1x1i +β2x2i on the squared design

region[−1,1]2. With an initial guess(β̃0,1,2), β̃0 arbitrary, for the parameter vector
β a (locally) D-optimal design is given by the 3 equally weighted support points
(1,1), (−1,1) and(1,0).

A 90◦ rotationg of the design space induces a transformation off with f (g(x)) =
Qg f (x) and

Qg =





1 0 0
0 0−1
0 1 0



 .

Because of(Q⊤
g )

−1 = Qg, it is g̃(β ) = Qgβ = (β0,−β2,β1)
⊤ and the transformed

initial guess ˜g((β̃0,1,2)⊤) = (β0,−2,1)⊤. The transformed design contains the 3
equally weighted support points(−1,1), (−1,−1) and(0,1), which is identical to
the (locally)D-optimal design given by Russell et al. (2009).

4 Weighted Optimality and Maximin Designs

Locally optimal designs depend on the initial values of the parameterβ . A wrong
choice, like an initial guess which is too far from the real parameter, may show a
bad performance. So we regard two concepts to avoid this problem: the weighted
optimality or (pseudo)-Bayesian designs and the maximin approach. (see Atkinson
et al., 2007)

If a prior (probability) distributionπ on the parameter spaceB with σ -algebra
σB is available, a Bayesian optimal design can be found by maximizing

Ψ(ξ ) =
∫

B

Φ(M(ξ ,β ))π(dβ )

with a criteria functionΦ on the space of all information matrices.
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The prior distributionπ is invariant underg respectively ˜g if π g̃ = π or to be
preciseπ(g̃−1(B)) = π(B) for all B ∈ σB. In further consequence it is necessary
that the parameter spaceB is invariant under ˜g, that isg̃(B) = B.

If moreoverΦ is invariant for allg ∈ G a transformation of the designξ underg
leads to the same value as without transformation. This invariance is used in(∗).

Ψ(ξ g) =

∫

B

Φ(M(ξ g,β ))π(dβ )

=
∫

B

Φ(M(ξ g, g̃(g̃−1(β ))))π(dβ )

(∗)
=

∫

B

Φ(M(ξ , g̃−1(β )))π(dβ )

=
∫

g̃−1(B)

Φ(M(ξ ,β ))π g̃−1
(dβ )

(∗∗)
=

∫

B

Φ(M(ξ ,β ))π(dβ )

= Ψ(ξ )

One fact used in(∗∗) is that because of the finiteness ofG there exists ann ∈N with
g̃−1 = g̃n, henceπ g̃−1

= π g̃n
= (π g̃)g̃n−1

= π g̃n−1
= . . .= π g̃ = π.

In the case of the BayesianD-criterion

ΨD(ξ ) =
∫

B

log(det(M(ξ ,β )))π(dβ ),

which is concave according to Firth and Hinde (1997), the prerequisites in section 2
for the symmetrization are fulfilled. Hence the optimal designs can be found in the
class of invariant designs.

The second possibility to avoid the dependence of designs onthe unknown value
of the parameterβ is the maximin design which corresponds to the invariant crite-
rion Φ and maximizes

Ψ(ξ ) := inf
β∈B

Φ(M(ξ ,β )).

If B is also invariant under ˜g or equivalently under ˜g−1 then

Ψ(ξ g) = inf
β∈B

Φ(M(ξ g,β )) = inf
β∈B

Φ(M(ξ g, g̃(g̃−1(β ))))

= inf
β∈B

Φ(M(ξ , g̃−1(β ))) = inf
β∈g̃−1(B)

Φ(M(ξ ,β )) = inf
β∈B

Φ(M(ξ ,β ))

= Ψ(ξ )
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Graßhoff and Schwabe (2008) used this fact not in the direct sense of optimal-
ity but of efficiency of maximin designs for the Bradley-Terry paired comparison
model. The efficiency corresponding to the criterionΦ has the form

effΦ(ξ ,β ) = h(Φ(M(ξ ,β )),Φ(M(ξ ∗
β ,β )))

with a special functionh and the locallyΦ-optimal designξ ∗
β with respect toβ . For

example in theD-optimal case: effD(ξ ,β ) = ( det(M(ξ ,β ))
det(M(ξ ∗

β ,β ))
)1/p.

If the criterion functionΦ is homogeneous and concave, then the corresponding
efficiency effΦ(ξ ,β ) is obviously also concave inξ for everyβ . As pointed out in
Graßhoff and Schwabe (2008) then the criterion of maximin efficiency shares the
property of concavity. This together with the invariance ofthe maximin efficience
criterion

ΨeffΦ (ξ ) = inf
β∈B

h(Φ(M(ξ ,β )),Φ(M(ξ ∗
β ,β )))

establishes that each designξ is dominated by its symmetrizationξ . Hence, glob-
ally maximin efficient designs can be found in the class of invariant designs if the
parameter regionB is invariant.

The invariance of the maximin efficience criterion can be easily seen by

ΨeffΦ (ξ
g) = inf

β∈B

h(Φ(M(ξ g,β )),Φ(M(ξ ∗
β ,β )))

= inf
β∈B

h(Φ(M(ξ g, g̃(β ))),Φ(M(ξ ∗
g̃(β ), g̃(β ))))

= inf
β∈B

h(Φ(M(ξ g, g̃(β ))),Φ(M(ξ ∗g
β , g̃(β ))))

= inf
β∈B

h(Φ(M(ξ ,β )),Φ(M(ξ ∗
β ,β )))

= ΨeffΦ (ξ ).

5 Example (continued)

We want to revisit the example in section 3 – the 2-dimensional Poisson regression
without interactions. But the focus is to find an BayesianD-optimal design contain-
ing exactly 3 equally weighted support points on the design region [−1,1]2. The
prior distributions forβ1 andβ2 should be a uniform distribution being symmetri-
cal to 0, that isβ1,β2 ∼ U(−a,a), i.i.d., with a ∈ (0,∞). The prior distribution for
β0 can be any distribution. Then it can be shown that these 3 points have the form
{(−1,1),(−1,−1),(1,d)}, {(−1,−1),(1,−1),(d,1)}, {(1,−1),(1,1),(−1,d)} or
{(1,1),(−1,1),(d,−1)} with d ∈ [−1,1].

Consider the groupG generated by the 90◦ rotationg90 : R2 →R
2, g90(x1,x2) =

(−x2,x1), and the reflectiongref : R2 → R
2, gref(x1,x2) = (−x1,x2). Then there are

8 transformations inG. The design space is invariant underg as well as the prior
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distribution of the parameter space is invariant under ˜g for all g ∈ G. So the designs
{(−1,1),(−1,−1),(1,d)}, {(−1,1),(−1,−1),(1,−d)}, {(−1,−1),(1,−1),(d,1)},
{(−1,−1),(1,−1),(−d,1)}, {(1,−1),(1,1),(−1,d)}, {(1,−1),(1,1),(−1,−d)},
{(1,1),(−1,1),(d,−1)} and{(1,1),(−1,1),(−d,−1)} with fixedd ∈ [−1,1] have
the same value of the Bayesian criterion function. And if oneof these designs is
optimal (in the set of all 3-point designs), then all of thesedesigns are optimal (in
the set of all 3-point designs).

Changing only the design region to{−1,1}2 the groupG of transformation is
only generated byg90 and the BayesianD-optimal 3-point designs are
{(−1,1),(−1,−1),(1,−1)}, {(−1,−1),(1,−1),(1,1)}, {(1,−1),(1,1),(−1,1)}
and{(1,1),(−1,1),(−1,−1)}. The symmetrized design consists of the 4 equally
weighted support points(1,1), (−1,1),(−1,−1) and(1,−1). This is the only in-
variant design with respect toG, so it is optimal over all possible designs.

6 Discussion

Although locally optimal designs are not invariant, in general, symmetry consider-
ations can be useful for weighted optimality or maximin criteria, when the weight
function or the parameter region is invariant. This may substantially simplify the
optimization problem since attention may be restricted to the class of invariant (sym-
metric) designs.

The above findings may be extended to infinite transformationgroups like rota-
tions on a circle or on ak-dimensional sphere. Then the averaging (symmetrization)
has to be performed by the corresponding Haar (Lebesgue) measure which is uni-
form on the orbits. The resulting invariant designs are continuous and have to be
discretized. For rotations this can typically be achieved without loss of information.
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