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For a Gaussian random field observed irregularly at n sites, calculating a single value of the
likelihood generally requires O(n3) computations, which is prohibitive for n much greater
than 10,000. In a 1988 paper, A. Vecchia described how to approximate such likelihoods by
ordering the observations in some manner, writing the joint density of the observations as
the product of the conditional densities of each observation given the previous observations,
and then approximating these conditional densities by only conditioning on some small
subset of the previous observations. Vecchia suggested conditioning on the nearest m
observations among the previous observations, with m fairly small, generally at most 10.
Such small conditioning sets were adequate for the models Vecchia considered, but we show
they can provide poor approximations for models with dependence over longer ranges.

We describe a number of innovations based on this basic approach. First, we show how to
modify this method to calculate the restricted likelihood of the parameters of the covari-
ance structure of the random field when the mean is linear in the unknown parameters.
Second, we show that the approximation can often be greatly improved by using some
distant observations in the conditioning sets. Third, we show how using common condi-
tioning sets for nearby observations can lead to large computational savings when m is not
so small. Fourth, we demonstrate how this approximation can be viewed as an example of
an estimating function, providing both theoretical insight into the quality of the approxi-
mation and more defensible inferences based on it. Finally, we consider implementations
of this approximation on both a single processor and a parallel system and present an
application to indirect measurements of chlorophyll levels in Lake Michigan.


