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Abstract. The consideration of blocking constraints refers to the ab-
sence of buffers in a production system. A job-shop scheduling problem
with a total tardiness objective is NP-hard even without blocking con-
straints and mathematical programming results indicate the necessity of
heuristics. The neighborhood is one of its main components. In contrast
to classical job-shop scheduling, a permutation of operations does not
necessarily define a feasible schedule. A neighbor is determined by an
adjacent pairwise interchange (API) of two operations on a machine and
the resulting permutation of operations is modified to regain feasibility
while maintaining the given API. The neighborhood is implemented in a
simulated annealing and tested on train-scheduling-inspired problems as
well as benchmark instances. The heuristic method obtains optimal and
near-optimal solutions for small instances and outperforms a given MIP
formulation for some of the larger ones.
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1 Introduction

Motivated by applications in production and logistics, the job-shop problem is
one of the well-studied models in scheduling research. The increasing complexity
of real-world production systems leads to an interest in additional constraints to
classical scheduling problems. This is why researches start to regard application-
inspired restrictions like setup times, limited buffer capacities and machine flex-
ibility during the last decades. Furthermore, practically relevant optimization
criteria based on the earliness and tardiness of jobs or the costs of production
are taken into account.
A job-shop scheduling problem with blocking constraints describes production
systems with a lack of storage capacity. Jobs have to move directly from one
machine to another. In case that the succeeding machine is not idle, the job will
block the machine until its processing can be continued. To increase customer
satisfaction, the minimization of the total tardiness of all jobs with regard to
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given due dates is the objective. Since this corresponds to a regular optimiza-
tion criterion a solution to the problem is a schedule defined by the operation
sequences on the machines.
Such a job-shop model is tackled by researchers following a variety of differ-
ent approaches. In [7], the authors present a generalized graph formulation for
the blocking job-shop problem. Based on this, a branch-and-bound-approach is
applied to a train scheduling problem with a tardiness-based objective in [2].
Following a similar real-world application, a constructive approach based on a
shifting bottleneck procedure for the blocking job-shop with a makespan objec-
tive is presented in [6]. Different mixed-integer programming formulations are
compared with regard to model size and computation time in [4]. These results
give evidence to the necessity of efficient heuristic methods to obtain good solu-
tions in reasonable run time. In line with this idea, several researchers present
tabu search approaches for the blocking job-shop (see [1, 3]), an iterative im-
provement algorithm is shown in [8] and the problem is solved by an iterated
greedy metaheuristic in [9].
Two main difficulties arise during the application of heuristics using a per-
mutation-based solution representation. While any given permutation satisfy-
ing the technological routes corresponds to a feasible schedule for the classical
job-shop scheduling problem, such a permutation is not necessarily feasible with
regard to blocking constraints. In the following, a procedure is presented, which
constructs a feasible schedule from any given list of operations. This repair may
result in necessary changes of the operation sequences on the machines.
A well-known strategy in neighborhood construction is the adjacent pairwise in-
terchange (API) of two operations on one machine. It is also applied here to the
blocking job-shop problem, but may lead to infeasible solutions. The repairing
procedure mentioned above is not directly applicable, since regaining feasibility
equals reverting the API and reconstructing the initial solution in many cases.
The challenging problem is to repair the permutation while preserving the given
API, which corresponds to the problem of completing a partial solution to a
feasible schedule. Many researchers, e.g. in [1, 3] and [9], ascertain that it is not
always possible to set up a feasible schedule from a partial solution without do-
ing any changes in the given part. The corresponding decision problem is shown
to be NP-complete in [7].
In the following, a permutation-based neighborhood for the blocking job-shop
problem with swaps regarding a total tardiness objective is presented. A proce-
dure to regain the feasibility of a neighbor is shown and with this partially defined
solutions are completed to feasible schedules. The neighborhood is embedded in
a simulated annealing. Computational experiments are done on randomly gen-
erated instances based on a single-track train scheduling problem as well as on
benchmark instances. The results are compared to those obtain by solving the
corresponding MIP formulations given in [4].
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2 Problem description and representation of schedules

The problem involves a set of jobs J = {Ji | i = 1, ..., n} having to be processed
on a set of machinesM = {Mk | k = 1, ...,m}. Each job Ji consists of a set of op-
erations, where Oi,j describes the j-th operation of job Ji. A machine Mk ∈M
is assigned to every operation Oi,j defining the technological route of every job
Ji ∈ J . Additionally, release dates ri and due dates di are given for each job and
recirculation is allowed. Following the three field notation, the blocking job-shop
problem tackled here can be denoted by J | ri, di, block, recr |

∑
Ti.

A solution S is a schedule, which is uniquely defined by a permutation of the op-
erations. This permutation is expressed by list indexes lidx(Oi,j) ∈ {0, 1, . . . , nop−
1} of all nop operations Oi,j . With it, the operation sequences on the machines
are defined, where midx(Oi,j) ∈ {0, 1, . . . , Rk − 1} denote the machine indexes
of the operations with Rk indicating the number of operations on machine Mk.
With regard to the solution encoding applied in the neighborhood construction,
the permutation or list of operations refers to the operation-based representa-
tion and the corresponding operation sequences constitute the machine-based
representation. For each operation Oi,j a predecessor pred(Oi,j) = Oi,j−1 and
a successor succ(Oi,j) = Oi,j+1 are defined by the technological route of job Ji
and a machine predecessor α(Oi,j) and a machine successor β(Oi,j) are derived
from the operation sequences on the machines. Both encodings are shown below
for a small instance of four jobs and three machines with the technological routes
J1 : M1 → M3, J2 : M3 → M2, J3 : M1 → M2 → M3, J4 : M2 → M1 → M2 and
O = 10, R1 = 3, R2 = 4, R3 = 3, respectively.

operation-based representation

S = O1,1 O3,1 O4,1 O3,2 O4,2 O2,1 O1,2 O2,2 O3,3 O4,3

lidx(Oi,j) 0 1 2 3 4 5 6 7 8 9

machine-based representation

M3 O2,1 O1,2 O3,3

M2 O4,1 O3,2 O2,2 O4,3

M1 O1,1 O3,1 O4,2

midx(O1,1) = midx(O4,1) = midx(O2,1) = 0
midx(O3,1) = midx(O3,2) = midx(O1,2) = 1
midx(O4,2) = midx(O2,2) = midx(O3,3) = 2
midx(O4,3) = 3

The solution given by the operation-based representation fulfills the technolog-
ical routes but it is infeasible with regard to blocking constraints. The second
operation in the list O3,1 cannot be scheduled, since the first operation O1,1

is blocking machine M3 until the processing of O1,2 begins on M1. Solution
S is infeasible for the blocking job-shop problem. For every pair of operations
Oi,j and Oi′,j′ on machine Mk with midx(Oi,j) < midx(Oi′,j′) the following
blocking-related index constraint has to be fulfilled.

lidx(succ(Oi,j)) ≤ lidx(β(Oi,j)) ⇔ lidx(Oi,j+1) ≤ lidx(Oi′,j′)

The successor of an operation has to be scheduled at the same time or earlier
than its machine successor. This constraint is defined by an inequality here, since
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swaps are allowed to be part of a feasible solution. A simultaneous movement of
an operation from machine Mk to Mk+1 and another operation from machine
Mk+1 to Mk is regarded to be possible. Considering the generalized graph rep-
resentation of the problem (see [7]), this refers to a special type of cycles in the
solution, which are defined to be feasible.
The procedure to regain feasibility is applied to all operations one by one with
increasing list indexes to ensure the blocking-related index constraints. For every
operation Oi,j in the permutation, the index constraints of the form
lidx(succ(α(Oi,j))) ≤ lidx(Oi,j) are set up and checked. Violated constraints
are fulfilled by left-shifts of operations required at a lower list index. Since the
procedure is applied to the permutation from the left to the right, it is guaran-
teed that the list is feasible for all list indexes less than or equal to the current
index and this feasibility cannot be destructed by the end of the repair.
In the example, the first violated blocking-related constraint is lidx(O1,2) ≤
lidx(O3,1) at list index 1. O1,2 is shifted to the left and inserted at list index 1
in the permutation. With this, the operation sequence on machine M1 changes
to O1,2 → O2,1 → O3,3. This indicates that adapting a solution to be feasible
might cause significant changes in the permutation.
In the example, swaps are appearing with operations O3,2 and O4,2 on machines
M1 and M2 and operations O2,2 and O3,3 on machines M2 and M3. In the re-
pairing procedure, these operations are defined to form swap groups (O3,2, O4,2)
and (O2,2, O3,3) with lidx(O3,2, O4,2) = 4 and lidx(O2,2, O3,3) = 6, so that the
index constraints for both pairs of operations are fulfilled with equality. The
solution S̄ = [O1,1, O1,2, O3,1, O4,1, (O3,2, O4,2), O2,1, (O2,2, O3,3), O4,3] is a feasi-
ble solution to the blocking job-shop problem. The corresponding schedule with
r1 = r2 = r3 = r4 = 0 is given in the following Gantt-chart.

M1

M2

M3

O1,1

O1,2

O3,1

O3,2

O3,3

O4,1

O4,2

O4,3

O2,1

O2,2

3 Neighborhood construction

Neighbors are defined by reverting the order of two operations on one machine.
This approach is applied regarding the additional conditions that the operation
shifted to the lower machine index belongs to a tardy job and that there is
no idle time on the machine between the operations chosen for the API. The
neighborhood is called ’Tardy Adjacent Pairwise Interchange’ (TAPI). As an
example, the operations O3,2 and O2,2 are interchanged on machine M2. This
API changes the machine indexes to midx(O2,2) = 1 and midx(O3,2) = 2. It
can be transferred to the operation-based representation by a left shift (shifting
O3,2 to a list index higher than lidx(O2,2)) or a right shift (shifting O2,2 to a
list index lower than lidx(O3,2)). These transfer options may lead to different
neighbors, since the following repair procedure strongly depends on particular
list index relations.
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Breaking up the swap groups and transferring the API to the operation-based
representation by left shift results in the neighbor N = [O1,1, O1,2, O3,1, O4,1,
O2,1, O2,2, O3,2, O4,2, O3,3, O4,3]. This permutation is infeasible with regard to
the blocking constraints, since lidx(O4,2) ≤ lidx(O2,2) is not fulfilled. The appli-
cation of the repair procedure shifts O4,2 and O3,2 to the left as a swap group,
reverts the API and constructs the same schedule S̄. Due to this, it is necessary
to set O2,2 → O3,2 as a non-reversible precedence constraint for the new sched-
ule. The technological routes together with the given API constitute the partial
solution, which has to be completed to a feasible schedule, while changing the
operation sequences on the machines as little as possible.
The strategy is to perform additional APIs between the operation shifted to the
left in the initial API (here O2,2) and its new machine predecessors (here O4,1).
Once the repair procedure is going to revert the given precedence relation, the
operation is interchanged with its current machine predecessor and the repair
procedure is restarted. If the operation is already at machine index 0, additonal
APIs are applied to its job predecessors (here O2,1) as well. Repair and restart
are repeated until the procedure constructs a feasible solution involving the given
API. In the best case, there is no additional API necessary, while in the worst
case, all operations of one job are shifted to machine index 0 on their machines.
This approach is similar to the job insertion technique presented in [1, 3], but it
is less restricted and swaps of operations are allowed.
In the example, operation O2,2 is shifted to the left before O4,1 on M2 and after
restarting the repair procedure N̄ = [O1,1, O1,2, O2,1, O2,2, O3,1, O4,1, (O3,2, O4,2),
O3,3, O4,3] defines the feasible neighbor of S̄.

4 Computational experiments and results

The neighborhood is embedded in a simulated annealing (SA) metaheuristic.
The SA algorithm is applied to solve train-scheduling-inspired instances (TS in-
stances), that are randomly generated following a given network structure with
the number of machines m = 11 and the number of jobs n ∈ {10, 15}. As a
benchmark, the Lawrence instances (see [5]) are solved with additional release
dates and due dates determined by the rules given in [4]. In total, there are 5
distinct instances to solve for 10 different instance sizes (m,n).
The initial solution is determined as the best solution found by several priority
rules. A geometric cooling scheme is applied, where the starting temperature
and multiplier are chosen in accordance to the absolute measure of the mean
objective function value of the instances. The length of the Markov chain set
up per temperature level varies dependent on the total number of operations of
the instance. Thus, the total number of iterations ranges dependent on the in-
stance size for the TS instances between 30000 and 60000 and for the Lawrence
instances between 11000 and 64000 iterations.
In the following table, the performance of SA is compared to the MIP results
presented in [4]. The number of instances, for which the optimal (opt) or a fea-
sible solution is obtained by MIP, is given for each instance size. Similarly, the
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number of instances, for which SA found the optimal solution or improved the
MIP result (opt/im), is stated together with the number of instances, for which
SA obtained a feasible solution with a gap less than 10% compared to the MIP
result.

TS inst. Lawrence instances

(m,n) (11, 10) (11, 15) (5, 10) (5, 15) (5, 20) (10, 10) (10, 15) (10, 20) (10, 30) (15, 15)

total 5 5 5 5 5 5 5 5 5 5

MIP

opt 5 3 5 1 - 5 1 - - 2
feasible - 2 - 4 5 - 4 5 1 3

SA

opt/im 4 1 4 2 2 3 1 3 5 -
< 10% 1 3 1 1 3 1 1 - - -

The SA algorithm performs well with regard to feasibility and optimality
while applying the presented neighborhood. The comparison shows that SA
found optimal and near-optimal solutions for the small instances and outper-
forms the MIP solver for larger instance sizes, e.g. (5, 20), (10, 20) and (10, 30).
The application of a pure SA algorithm and a hybrid approach combining a
heuristic method and a MIP solver seem to be promising to increase the solu-
tion quality and the size of solvable problems.
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