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1 Linear Programming

1.1 Introductory Example

Example 1 A company produces a mixture consisting of three raw materials denoted as Ry, Ro
and Rs. Raw materials Ry and Ry must be contained with a given minimum percentage, and
raw material Rz must not exceed a certain given mazximum percentage. Moreover, the price of
each raw material per kilogram is known. The data are summarized in Table 1.

Table 1: Data for Example 1

Raw material | Required percentage | Price in EUR per kilogram
Ry at least 10 per cent 25
Ry at least 50 per cent 17
Rs at most 30 per cent 12

We wish to determine a feasible mizture with the lowest cost. Let z;,i € {1,2,3}, be the
percentage of raw material R;. Then we get the following constraints:

T1+ T+ T3 = 100. (1)

FEquation (1) states that the sum of the percentages of all raw materials equals 100 per cent.
Since the percentage of raw material Rs should not exceed 30 per cent, we obtain the constraint

75 < 30. (2)

The percentage of raw material Ry 1s at least 50 per cent, or what is the same, the sum of the
percentages of Ry and Rs is no more than 50 per cent:

Moreover, the percentage of Ry is at least 10 per cent, or what is the same, the sum of the
percentages of Ry and Rs should not exceed 90 per cent, i.e.

x9 + x3 < 90. (4)
Moreover, all variables should be nonnegative:
I 2 O, ) 2 0, I3 2 0. (5)

The cost of producing the resulting mizture should be minimized, i.e. the objective function is
as follows:
2 = 25z + 1729 + 1223 — min! (6)

The notation z — min! indicates that the value of function z should become minimal for the
desired solution. So we have formulated a problem consisting of an objective function (6), four
constraints (three inequalities (2),(3) and (4) and one equation (1)) and the non-negativity
constraints (5) for all three variables.



1.2 Preliminaries

In general, a linear programming problem (abbreviated by LPP) consists of constraints (a sys-
tem of linear equations or linear inequalities), non-negativity constraints and a linear objective
function. The general form of such an LPP can be given as follows.

General form of an LPP:

max!

Z = c1x1 + caxg + - —i—cnxn—){ win

subject to (s.t.)

anc + a12%s + - + apr, {<,=,>} by
a1 + ATy + -+ + Ggpry, {<,=,>} by

Am1%1 + QmaX2 + -+ + Apn Ty {Sv ) Z} bm

r; > 0,5e€JC{l,2,...,n}

Alternatively, we can give the following matriz representation of an LPP:

T { max!
z=Ccx— .
min!
s.t.
Ax{<,=,>}b (7)
x > 0.
Here matrix A is of order m x n. The vector ¢ = (cy,¢a,...,c,)T is denoted as vector of the
coefficients in the objective function, and the vector b = (by, b, ...,b,)" is denoted as the

right-hand side vector.

Geometrical interpretation of an LPP with two variables z; and x5

Assume that the constraints are given as inequalities. The constraints a;1z1 + a.xs R; b;, R; €
{<, >}, 1 =1,2,...m, are half-planes which are bounded by the lines a;1x1 + a;pz9 = b;. Each
of these lines can also be written in the form

T T

_1 + _2 — 1’

S1 S9

where s; = b;/a;; and sy = b;/a;o are the intercepts of the line with the x; - and z5- coordinate
axes.



For fixed 2z and ¢, # 0, the objective function z = ¢yx; + coxs is a line of the form

C1 z
Tog = ——x1 + DR
(&) (&)

i.e. for different values of z we get parallel lines all with slope —c¢;/cs. The vector

=(2)

gives the direction in which the objective function increases most. Thus, when maximizing the
linear objective function z, we have to shift the line
C1 z
Ty = ——xI1 + —
C2 C2
into the direction given by vector ¢, while when minimizing z, we have to shift this line into
the opposite direction given by vector —c.

An LPP of the form (7) with two variables can be graphically solved as follows:

(1) Determine the feasible region M (i.e. the set of feasible solutions) as the intersection of all
feasible half-planes with the first quadrant.

(2) Draw the objective function z = Z, where Z is constant and shift it either into the direction
given by vector ¢ (in the case of z — max!) or into the direction given by vector —c (in the
case of z — min!) Apply this procedure as long as the line z = const has joint points with the
feasible region.

Definition 1 A feasible solution x = (x1,%a,...,x,)T, for which the objective function
has an optimum (i.e. mazximum or minimum) value is called optimal solution.

1.3 Properties of Linear Programming Problems

Definition 2 A set M is called convex, if for any two vectors x*,x2 € M, any convex
combination Ax* + (1 — \)x? with 0 < X\ < 1 also belongs to set M.

Definition 3 A vector (point) x € M is called an extreme point of the convex set M,
if X cannot be written as a proper convexr combination of two other vectors of M, i.e. x
cannot be written as Ax* + (1 — A\)x? with x*,x2 € M and 0 < \ < 1.




Thus, when considering a system of m inequalities with two nonnegative variables, the set
of solutions is described by the intersection of m half-planes with the nonnegative quadrant.

Theorem 1 The set M of feasible solutions of system (7) is either empty or
a convex set with at most a finite number of extreme points.

Theorem 2 If the set M of feasible solutions of system (7) is bounded, it

can be written as the set of all convex combinations of the extreme points
1 2

x', x4 ...,x° of set M, i.e.:
M = {XER”|x:)\1xl+/\2X2+~-~+)\sxS;

S

0<N<1, i=1,2 .. .5 ZA1:1}

i=1

Let M be the feasible region and consider the maximization of objective function z = c’x.

There may occur the following three cases:

(a) We have M = (). In this case the constraints are inconsistent, i.e. there does not exist a
feasible solution of the LPP.

(b) M is a nonempty bounded subset of the n-space R™.

(¢) M is an unbounded subset of the n-space R", i.e. at least one variable may become ar-
bitrarily large, or if some variables are not necessarily nonnegative, at least one of them
may become arbitrarily small.

In case (b), set M is called a convex polyhedron, and there always exists a solution of the
maximization problem. In case (c), there are again two possibilities:

(c1) The objective function z is bounded from above. Then an optimal solution of the maxi-
mization problem under consideration exists.

(c2) The objective function z is not bounded from above. Then there does not exist a (finite)
optimal solution for the maximization problem under consideration.



Theorem 3 If an LPP has a (finite) optimal solution, then there exists at
least one extreme point, where the objective function has an optimum value.

Theorem 4 Let P, P,...,P. described by vectors x',x2,...,x* be optimal
extreme points. Then every convex combination

X0 = xt X+ NS, N >0,i=1,2,...,7, Z)‘izl

is also an optimal solution.

1.4 Standard Form of a Linear Programming Problem

Let r(A) be the rank of matrix A, i.e., the maximum number of linearly independent column
(or equivalently, row) vectors of matrix A.

Definition 4 A system Ax = b of p = r(A) linear equations, where in each equation
one variable occurs only in this equation and it has the coefficient +1, is called system
of linear equations in canonical form. These eliminated variables are called the basic
variables (bv), while the remaining variables are called the nonbasic variables (nbv).

Hence the number of basic variables of a system of linear equations in canonical form is
equal to the rank of matrix A. As a consequence of Definition 4, if a system of linear equations
Ax = b is given in canonical form, the coefficient matrix A always contains an identity matrix.
If r(A) = p = n, the identity matrix [ is of order n x n, i.e the system has the form

IxB = b,

where xB is the vector of the basic variables (note that columns may have been interchanged
in matrix A to get the identity matrix which means that the order of the variables in vector
xB is different from that in vector x). If r(A) = p < n, the order of the identity submatrix is
p X p. In the latter case, the system can be written as

IxB + AyxN = b,

where xB is the p-vector of the basic variables, xN is the (n — p)-vector of the nonbasic variables
and Ay is the submatrix of A formed by the column vectors belonging to the nonbasic variables
(again column interchanges in matrix A may have been applied).

9



Definition 5 A solution x of a system of equations Ax = b in canonical form, where
each nonbasic variable has the value zero, is called a basic solution.

Definition 6 An LPP of the form
2z = ¢I'x — max!

s.t. Ax=b, x>0,
where A = (An, 1) and b > 0, is called the standard form of an LPP.

According to Definition 6, matrix A can be partitioned into some matrix Ay and an identity
submatrix I. Thus, the standard form of an LPP is characterized by the following properties:

- the LPP is a maximization problem:;

- the constraints are given as a system of linear equations in canonical form with nonneg-
ative right-hand sides and

- all variables have to be nonnegative.
Any LPP can formally be transformed into the standard form by the following rules. We

consider the possible violations of the standard form according to Definition 6.

(a) Some variable z; is not necessarily nonnegative, i.e. z; may take arbitrary values. Then
variable z; is replaced by the difference of two nonnegative variables, i.e. we set:

T =x; — X with 27 > 0 and " > 0.
Then we get:
r; > 1 = x; >0
r; =1z &= x;,=0
v <zt = x; <0

b) The given objective function has to be minimized:
g J
z = w1 + cx9 + -+ + ¢,r, — min!

The determination of a minimum of function z is equivalent to the determination of a maximum
of function z = —=z:

Z =X +Cxy+ -+, > min! <<= Z=—2 = —cjx] — Cxy — +** — Cp¥y — Mmax!

10



(c) For some right-hand side, we have b; < 0:
a1 T1 + apre + -+ + apr, = b < 0.
In this case, we multiply this constraint by -1 and obtain:

—QA;1 1 — ATy — * — Qipny = —b@ > 0.

(d) Let some constraints be inequalities:
a1 + ATz + -+ T, < b;

or
ap1T1 + G + -0 4 QppT, > by

Then by introducing a slack variable u; and a surplus variable wug, respectively, we obtain an
equation:

a;1 1 + apre + - + QipnT, + Uu; = bz with U; Z 0
or
ap1T, + AQpaxo + -+ + Qpntn, — Ur = bp  with u, > 0.

(e) Let the given system of linear equations be not in canonical form, i.e. the constraints are
given e.g. as follows:

a1y + a2 + ... + QpTy = bl

a1, + axpre + ... + AonTy — b2

11 + Qa2 + ..+ @y = bm
with b >0,i=1,2,....m; z; >0, j=1,2,...,n.

In the above situation, there is no constraint that contains an eliminated variable with coefficient
+1 (provided that the column vectors of matrix A belonging to variables zy,xs, ..., x, are
different from the unit vector). Then we introduce in each equation an artificial variable x 4;
as basic variable and obtain:

a11x1 + Q122 + -+ + ATy + T A1 :b1
CL21$1—|— a29T9 + -+ A2n, Ty +ZL’A2 :bg
am1x1+am2x2 + - +amnxn +xAm_bm

with b >0,i=1,2,....m; ; >0, j=1,2,...,n,and w4, > 0,2 =1,2,...,m.

11



Example 2 Given is the following LPP:

z2=—1+ 39+ 14 — min!
s.t. r1 — X2 + 33 — x4 > 8
o — 5.T3 + 2.%'4 S —4
rg + x4 < 3

To, 23,74 > 0.

First, we substitute variable x1 by the difference of two nonnegative variables x7 and x7*, i.e.
ry = x] — a7 with 7 > 0,25 > 0. Further, we multiply the objective function z by -1 and
obtain:

Z=—z=21] — 27 — 3r2 — r4 — max!
s.t. ) — a7 — w1y 4+ 3wy — w14 > 8
Ty — 51’3 -+ 21’4 S —4
r3 + Ty < 3

K,k
Xy,Ty ,T2,T3, Ty Z 0.

Multiplying the second constraint by -1 and introducing the slack variable x; in the third con-
straint as well as the surplus variables xs and xg in the first and second constraints, we obtain
all constraints as equations with nonnegative right-hand sides:

Z=—z=u1a] — o5 — 3xy — x4y — max!
s.t. ] — x7Y — xe 4+ 3x3 — x4 — s = 8
— X9 + 5.2?3 — 2.T4 — g = 4
Trs + Ty + x7 = 3

%%k
Ty,Ty ,T2,T3,T4,Ts5, T, L7 2 0.

Now we can choose variable x5 as eliminated variable in the first constraint and variable x7 as
the eliminated variable in the third constraint, but there is no varitable that occurs only in the
second constraint having coefficient +1. Therefore, we introduce the artificial variable x 41 in
the second constraint and obtain:

Z=—z=u1a] — 5 — 3ry — x4y — max!
s.1. -7 — x2 + 33 — T4 — s + x3 = 8
— To —+ 5ZE3 - 21’4 — Tg + Xa1 = 4
r3 -+ Ty + Xy = 3

o
T1,T ,T2,X3,T4,T5,T6, L7, LAl 2 0.

Notice that we have written the variables in such a way that the identity submatriz (column
vectors of variables x5, x a1, x7) occurs at the end. So in the standard form, the problem has now
n = 9 variables. A wvector satisfying all constraints is only a feasible solution for the original
problem if the artificial variable x a1 has value zero (otherwise the original second constraint
would be violated).

12



1.5 The Simplex Algorithm

Basic idea:

Starting with some initial extreme point (represented by a basic feasible solution resulting
from the standard form of an LPP), we compute the value of the objective function and check
whether the latter can be improved upon by moving to an adjacent extreme point (by applying
the pivoting procedure). If so, we perform this move to the next extreme point and seek then
whether further improvement is possible by a subsequent move. When finally an extreme point
is attained that does not admit any further improvement, it will constitute an optimal solution.

In order to apply such an approach, a criterion to decide whether a move to an adjacent
extreme point improves the objective function value is required which we will derive in the
following. In the following, we assume that the rank of matrix A equals m : r(A) = m, i.e.,
in the canonical form there are m basic variables among the n variables, and the number of
nonbasic variables equals n’ = n—m. Consider a feasible canonical form with the basic variables
xp; and the nonbasic variables xy;:

n/

xBi:l;i_Z&z’ijja i=1,2,....m (n'=n-—m). (8)

j=1

Then the objective function z can be written as follows:

2 = C1T1 +Ccoxe+ ...+ Ccha,

= CB1TB1 +CpaTp2 + ... + CBmTBm + CN1TN1 + CN2TIN2 + ... + CNp/TNn/,

Vv TV
(basic  wvariables) (nonbasic  variables)

m n’
= E CBiTB; + E CNjTN;j-
i=1 j=1

Using equations (8), we can replace the basic variables and write the objective function only
in dependence on the nonbasic variables. We obtain

m

n’ n’
z = E CBi <bz — E CL,;jl’Nj> + E CijNj
j=1 j=1

i=1

m n’ m
= E cpibi — E E CBiQij — CNj | TNj-

i=1 j=1 i=1

We denote the latter row, where the objective function is written in terms of the current
nonbasic variables, as the objective row. Moreover, we define the following values:

m

20 = Z cpib;  (value of the objective function of the basic solution); 9)
i=1

13



g; = ZcBi&ij — Cnj (coefficient of variable zy; in the objective row). (10)
i=1

Concerning the calculation of value zy according to formula (9), we remind that in a basic
solution, all nonbasic variables are equal to zero.

Then we get the following representation of the objective function in dependence on the
nonbasic variables zy;:

2 = 20 — 1TN1 — G2ZN2 — ... = Gn/TNn/-

Here each coefficient g; gives the change in the objective function value if the nonbasic variable
xy; is included into the set of basic variables (replacing some other basic variable) and if its
value would increase by one unit. By means of the coefficients in the objective row we can give
the following optimality criterion.

Theorem 5 (Optimality or simplex criterion)
If we have g; >0, j =1,2,...,n/, for all coefficients of the nonbasic variables
in the objective row, the corresponding solution is optimal.

Corollary 1 If there exists a column | with g; < 0 in a basic feasible solution, the value of
the objective function can be increased by inserting the column vector belonging to the nonbasic

variable xy; into the set of basis vectors, i.e variable xn; becomes basic variable in the next
tableau.

Starting with an initial basic feasible solution, we apply the short tableau of the pivoting
procedure. An additional row contains the coefficients g; together with the objective function
value zj (i.e. the objective row) calculated as given above:

nbv | Tny1 Tn2 0 XN1 v TNn!
bU —1 CN1 CN2 s CN1 e CNn/ O Q
Tp1 | Cp1 | Q11 Q2 -+ Ay -+ Gy | by
B2 | Cp2 | Q21 Q22 -+ Qg - Qo by
XBk | CBEk | Qp1 Gk -+ & - Qg | bk
IBm | CBm | Am1 Qm2 - Ami Amn/ bm
< g1 g2 gi gn' | 20

14



Determination of the pivot column /[
Choose some column [,1 < < n’, such that g; < 0. Often, a column [ is used with

g = min{g; | g; <0, j=1,2,...,n'}.

It is worth noting that the selection of the smallest negative coefficient g; does not guarantee
that the algorithm terminates after the smallest possible number of iterations. It only guaran-
tees that there is the biggest increase in the objective function value when going towards the
resulting next extreme point.

Determination of the pivot row k

We remind that after the pivoting step, feasibility of the basic solution must be maintained.
Therefore, we choose row k with 1 < k < m such that

by R .
— =min{ — |ag >0,i=1,2,...,m ;.
a7 Qg

To determine the above quotients, we added the last column @ in the tableau above, where we
enter the quotient in each row in which the corresponding element in the chosen pivot column
is positive.

If column [ is chosen as pivot column, the corresponding variable xx; becomes basic vari-
able in the next step. We also say that xy; is the entering variable, and the column of the
initial matrix A belonging to variable xy; is entering the basis. Using row k as pivot row, the
corresponding variable xp; becomes nonbasic variable in the next step. In this case, we say
that xp; is the leaving variable, and the column vector of matrix A belonging to variable zn;
is leaving the basis. Element ay; is denoted as pivot or pivot element. It has been printed in
bold face in the tableau together with the leaving and the entering variable.

The following two theorems characterize situations when either an optimal solution does
not exist or when an existing optimal solution is not uniquely determined.

Theorem 6 If we have g; < 0 for a coefficient of a nonbasic variable in the
objective row and a; < 0 for all coefficients in column [/, then the LPP does
not have a (finite) optimal solution.

Theorem 7 If there exists a coefficient g; = 0 in the objective row of an
optimal solution such that a; > 0 for at least one coefficient in column [,
then there exists another optimal basic feasible solution, where z; is a basic
variable.

15



Simplex Algorithm

Step 1: Transform the LPP into the standard form, where the constraints are given in
canonical form as follows (we remind that it is assumed that no artificial variables are necessary
to transform the given problem into standard form):

ANXN+]XB:b7 XNZO7 XBZOa bZO
The initial basic feasible solution is
x — XN . 0
o XB N b
with the objective function value z, = c’x. Establish the corresponding initial tableau.

Step 2: Consider the coefficients g;, j = 1,2,...,n’, of the nonbasic variables xy; in the
objective row.
If gj > 0for j =1,2,...,7, then the current basic feasible solution is optimal, STOP. Other-
wise, there is a coefficient g; < 0 in the objective row.

Step 3: Determine column [ with
g =min{g; | g; <0, j=1,2,...,n'}

as pivot column.

Step 4: If a; < 0 for ¢ = 1,2,...,m, then STOP (in this case, there does not exist an
optimal solution for the problem). Otherwise, there is at least one element a; > 0.

Step 5: Determine the pivot row k such that

b . b .
—+* — min —layg>0,i=1,2,....mp.
A a;

Step 6: Exchange the basic variable x g, of row k with the nonbasic variable xx; of column
[ and calculate the following values of the new tableau:

. 1
gy = —;
Qg
. Aj 5 by . ,
ar; = —; bk=—; j=12....n, J#]
Qg Qg
A 427 . .
a; = ——; i=1,2,...,m, i # k;
Qg
A [¢%7) 2 a;
A5 = Qi — — * Qkj; by = b — — - by;

gl g
i=1,2,....m, 14k j=12,...,n, j#IL

16



Moreover, we obtain for the values of the last row in the new tableau:

A gi
g = ——;
Al
A gi .
g; = i — — + Qky, ]:172a"'7n/’j7él;
Al
20 = Z()—ﬂ bk
Al

Consider the tableau obtained as new starting solution and go to step 2.

Example 3 A firms intends to manufacture three types of products Py, Py and P3 so that the
total production cost does not exceed 32,000 EUR. There are 420 working hours possible and
30 units of raw materials may be used. Additionally, the data presented in Table 2 are given.

Table 2: Data for Example 3

Product P b Py
Selling price (EUR /piece) 1,600 3,000 5,200
Production cost (EUR /piece) | 1,000 2,000 4,000
Required raw material per piece 3 2 2
Working time in hours per piece | 20 10 20

The objective is to determine the quantities of each product so that the profit is mazimized.
Let x; be the number of produced pieces of P;, i € {1,2,3}. We can formulate the above problem
as an LPP as follows:

z = 6x1 + 1025 + 1223 — max!

s.t. T 4+ 229 + 4dx3 < 32
3%1 + 21‘2 + 2]33 S 30
2(E1 + Tro + 2£L'3 S 42

T1,22,T3 2 0.

The objective function has been obtained by subtracting the production cost from the selling
price and dividing the resulting profit by 100 for each product. Moreover, the constraint on the
production cost has been divided by 1,000, and the constraint on the working time by 10.

Introducing now in the ith constraint the slack variable x3.; > 0, we obtain the standard
form together with the following initial tableau.:

nbv | x1 To X3
bv | —1 6 10 12| 0] Q
X4| O 1 2 4|32
5| O 3 2 213015
ze | O 2 1 2142121
-6 —10 =12 0

17



Choosing x3 now as the entering variable (since it has the smallest negative coefficient in the
objective row), variable x4 becomes the leaving variable due to the quotient rule. We obtain:

nbv | x1 Xo a4
bv|-1] 6 10 0] 0]Q
x| 12 1 5 1] 8]16
x5 0| 2 1 —-1|14]|14
x| 0| 3 0 —3)26|—
-3 —4 3|96

Choosing now x4 as entering variable, x5 becomes the leaving variable. We obtain the tableau:

nbv | T x5 Ta
bw|-1] 6 0 0] 0/Q
xs | 12 | -1 —5 3] 1
| 10 2 1 —3] 14
x| 0| 2 0 —3| 26
7 4 1[152

Since now all coefficients g; are positive, we get the following optimal solution from the latter
tableau:
1 = O, To = ]_47 T3 = 17 Ty = 0, T5 = 0, T = 26.

That means, the optimal solution is to produce no piece of product Py, 14 pieces of product Py
and one piece of product P3. Taking into a account that the coefficients of the objective function
were divided by 100, we get a total profit of 15,200 EUR.

Example 4 We consider the following LPP:

z = —2x; — 229 — min!
s.t. Ty — X2 > —1
—T1 + 21’2 S 4
T1,T9 Z 0.

First, we transform the given problem into the standard form, i.e. we multiply the objective
function and the first constraint by -1 and introduce the slack variables x3 and 4. We obtain:

Z = 221 + 219 — max!

s.t. —x + T2 + I3 =1
—x + 2ZL‘2 + 14 = 4
L1, Tg, X3, Ty 2 0.

18



Now we can establish the first tableau:

nbv | 1 X
bv | —1 2 2(0(Q
x| 0 [—-1 1]1]|1
za| O | =1 2|42
-2 =210

Since there are only negative elements in the column of variable x1, only variable x5 can be the
entering variable. In this case, we get the quotients given in the last column of the latter tableau
and therefore, variable x5 is the leaving variable. We obtain the following tableau:

nbv | x; 3
bv | —1 2 0/0|Q
To| 2 | —1 1)1
x4 0 1 -2(2]2
—4 212

In the latter tableau, there is only one negative coefficient of a nonbasic variable in the objective
row, therefore, variable x1 becomes the entering variable. Since there is only one positive element
in the column belonging to x1, variable x4 becomes the leaving variable. We obtain the following
tableau:

nbv | x4 T3
bv| -1 0 0] 0|Q
To | 2 1 —-1] 3
| 2 1 -2 2
4 —6|10

Since there is only one negative coefficient of a nonbasic variable in the objective row, variable
x3 should be chosen as entering variable. However, there are only negative elements in the
column belonging to xs. It means that we cannot perform a further pivoting step and there does
not exist a finite solution of the maximization problem considered (i.e. the objective function
value can become arbitrarily large, see Theorem 9.5).

Example 5 Given is the following LPP:

ZISL’1+I2+SL’3+$4+$€5+$6—>HHH!

s.t. 2131 + T2 + I3 > 4,000
T2 + 224 + x5 > 5,000
I3 + 21’5 + 3ZE6 Z 3,000

X1,T2,T3,T4,Ts5,T¢ 2 0.

To get the standard form, we notice that in each constraint there is one variable that occurs only
in one constraint (variable x1 occurs only in the first constraint, variable x4 only in the second
constraint and variable xg only in the third constraint). Therefore, we divide the first constraint
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by the coefficient two of variable x1, the second constraint by two and the third constraint by
three. Then, we introduce a surplus variable in each of the constraints, multiply the objective
function by -1 and obtain the standard form (again the variables are written in such a way that
the identity submatriz of the coefficient matrixz occurs now at the end):

ZI=—2=—T1 — Ty — T3 — Ty — Ty — Tg — max!
st sry + a3 — + 1 = 2,000
L1y + 375 — g + 2y = 2,500
5T+ 3xs — T + z = 1,000

X1,T2,T3,T4,T5,Le, L7,y L9 Z 0.

This yields the following initial tableau:

nbv | ro x3 Xy X7 Ty T
bv| —-1|-1 -1 -1 0 0 0 0 Q
x| —1 % % 0 —1 0 0| 2,000 —
zq | —1 % 0 % 0 —1 0| 2,500 |5,000
Xg | —1 0 % % 0 0 —1| 1,000 | 1,500
0 % —% 1 1 1| —5,500

Choosing now x5 as entering variable, we obtain the quotients given in the last column of the
above tableau and therefore, xg is chosen as leaving variable. We obtain the following tableau.:

nbv | xo w3 w6 T7T Ty Ty
bw|-1]/-1 -1 -1 0 0 0] 0 |@Q
x| -1 5 5 0 -1 0 0] 2000
x| -1 3 -1 =3 0 -1 3| 1,750
x| -1 0 4+ 2 0 0 —=3| 1,500
0 1 3+ 1 1 3[-5250

Now all coefficients of the nonbasic variables in the objective row are nonnegative and from the
latter tableau we obtain the following optimal solution:

r1 =2,000, a9=23=0, x4,=1,750, x5=1,500, x4=0

with the optimal objective function value Z§*** = —5,250, which corresponds to zJ"™ = 5,250
(for the original minimization problem). Notice that the optimal solution is not uniquely de-
termined. In the last tableau, there is one coefficient in the objective row equal to zero. Taking
To as the entering variable, the quotient rule determines x4 as the leaving variable, and the
following basic feasible solution with the same objective function value is obtained:

r1 =250, x5=3,500, x3=2x4=0, x5=1,500, x¢=0.
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1.6 The 2-Phase Simplex Algorithm

The introduction of artificial variables is necessary when at least one constraint is an equation
with no eliminated variable that has coefficient 41, e.g. the constraints may have the following
form:

a1 + 199 + -+ A1y :b1
2171 + Q22Ty + -+ + A2, T, =bo
Am1T1 + GmaZs + + 0 + ApmnTn :bm

r;>0,1=1,2,...,n; 0,>0,1=1,2,...,m.

As discussed in case (e) of generating the standard form, we introduce an artificial variable
x 4; in each equation. Additionally we replace the original objective function z by an objective
function z; minimizing the sum of all artificial variables (or equivalently, maximizing the neg-
ative sum of all artificial variables) since it is our goal that all artificial variables will get value
zero to ensure feasibility for the original problem. This gives the following linear programming
problem to be considered in phase I:

2] = —XAl — TAg — + — T ppym —> max!
s.t. a1121 + a12T2 + -+ + ATy +2T A1 =b
A21T1 + QT2 + -+ + A2pTy + T a2 = by (11)
Am1T1 + Am2T2 + -+ AmnTn + TAm = bm

z; >0,7=12,....,n and x4 >0,1=1,2,...,m.

Assume that we have determined an optimal solution of the auxiliary problem (11) by the
simplex method, i.e. the procedure stops with g; > 0 for all coefficients of the nonbasic variables
in the objective row (for the auxiliary objection function z;).

Then, at the end of phase I, the following cases are possible:

(1) 2P < 0 <= The initial problem does not have a feasible solution.
(2) We have 2" = 0 and one of the following cases:

(2a) All artificial variables are nonbasic variables. Then the basic solution obtained rep-
resents a feasible canonical form for the initial problem, and we can start with phase
1T of the simplex algorithm described in Section 1.5.

(2b) Among the basic variables, there is still an artificial variable: zpg, = x4, = 0 (degen-
eration case). Then we have again one of the two possibilities:
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i) In the row belonging to the basic variable x4, = 0, all coefficients are also equal
to zero. In this case, the corresponding equation is superfluous and can be
omitted.

ii) In the row belonging to the basic variable x4, = 0, we have a;; # 0 for at least
one coefficient. Then we can choose a; as pivot element and replace the artifi-
cial variable z4; by the nonbasic variable z ;.

Example 6 Given is the following LPP:

z = x1 — 229 — max!

s.t. T + 1y < 4
2331 — T2 Z 1
r1, 19 2> 0.

We transform the given problem into standard form by introducing a surplus variable (x3) in
the second constraint, a slack variable (x4) in the first constraint and an artificial variable (x 41 )
in the second constraint. Now we replace the objective function z by the auxiliary function zy.
Thus, in phase I of the simplex method, we consider the following LPP:

zjz—xA1—>max!
s.t. T + 2 + x4 = 4
2.1'1 — X2 — X3 + T4 = 1
x1,$2,$37I47I‘A12 0
We start with the following tableau:
nbv | X1 x3 x3
bv | —1 0O 0 0 0|@
Ty 0 1 1 0| 44
Xa1 | —1 2 -1 -1 1 %
-2 1 1]-1

Choosing x1 as entering variable gives the quotients presented in the last column of the tableau
above, and variable x 41 becomes the leaving variable. This leads to the following tableau:

nbv | x4 T2 3
bv| —1| —1 0 0/0]|@Q
w075 31
AR EIHE
1 0 0]0

Now phase I is finished, we drop variable x a1 and the corresponding column, use the original
objective function and determine the coefficients g; of the objective row. This yields the following
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tableau:

nbv | xy Xs
bv| -1 1] =2 0(10Q
x¢| 0| 2 21117
AHEERIHE
3 _I71
2 T 22

Due to the negative coefficient in the objective row, we choose x3 as the entering variable in the
next step and variable x4 becomes the leaving variable. Then we obtain the following tableau:

nbv | xa 4

bw|—-1]-2 0/0]Q
w1 1 14
3 1|4

Since all coefficients g; are nonnegative, the obtained solution is optimal: 1 = 4,29 = 0. The
introduced surplus variable x3 is equal to seven while the introduced slack variable x4 is equal
to zero. The optimal objective function value is 2" = 4.

Let us consider another LPP assuming that the objective function changes now to
zZ= - + 3512'2 — min!

Can we easily decide whether the optimal solution for the former objective function is also
optimal for the new one? We replace only the coefficients ¢; and co of the objective function in
the last tableau (again for the mazimization version of the problem), recompute the coefficients
g; of the objective row and obtain the following tableau:

nbv | To T4
bv| —1|-3 0
Z3 0 3 2
x| 1 1 1
4 1

s o

Since also in this case all coefficients g; in the objective row are nonnegative, the solution
x1 = 4,29 =0 s optimal for Z = —x1 + 3x9 —> min with a function value 28“'” = —4.

Example 7 We consider the data given in Example 1 and apply the 2-phase simplex method.
Transforming the given problem into standard form we obtain:

Z = —25x; — 1729 — 1223 — max!
s.t. ry + 2 + T3 + Ta = 100
T3 + x4 = 30
T + x3 + x5 = 50
T2 + I3 + x6 = 90

X1,T2,T3,T4,T5,Te, TA1L Z 0.
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Starting with phase I of the simplex method, we replace function z by the auxiliary objective
function
Zr = —Ta1 — max!,

and we obtain the following initial tableau:

nbv | X1 x9 3
bv | —1 0O 0 O 0| @
ra | —1 1 1 1] 100]100
x4 | O 0 0 1 30| —
x5 | O 1 0 1 50 | 50
g | 0 0o 1 1 90 | —
-1 -1 —1]-100

Choosing x1 as the entering variable, we get the quotients given above and select x5 as the
leaving variable. This leads to the following tableau:

nbv | r5s X 3
bv | —1 0O 0 0 0] Q
Xa1| —1]—-1 1 0] 50|50
Ty 0 0O 0 1] 30| —
1 0 1 0 1] 50| —
Tg 0 0O 1 1] 90|90
1 -1 0|-50

Now x5 becomes the entering variable and the artificial variable x 41 is the leaving variable. We
get the following tableau, where the superfluous column belonging to x a1 1s dropped:

nbv | 5 o3
bv | —1 0 0] 0(Q
zo| =1 | =1 0150
4| O 0 1130
1| O 1 11|50
x| O 1 1[40
0 0] O

Now, phase I is finished, and we can consider the objective function
Z = —25x1 — 1729 — 1223 — max!

We recompute the coefficients in the objective row and obtain the following tableau:

nbv | x5 X3
bv | —1 0 —12 0 Q
Ty | —17| —1 0 50 —
Xq4| O 0 1 30 30
r1 | —25] 1 1 50 50
g | O 1 1 40 40
-8 —13|—2,100
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We choose x5 as entering variable and based on the quotients given in the last column, x4 is
the leaving variable. After this pivoting step, we get the following tableau:

nbv | X5 T4
bv | —1 0 O 0 Q
To | =17 -1 0 50 —
r3 | —12| 0 1 30 —
r1 | =25 1 -1 20 20
xg | 0 1 -1 10 10
-8 13| —-1,710

We choose x5 as entering variable and x¢ as leaving variable which gives the following tableau:

nbv | Tg x4
bv | —1 0 0 0 Q
To | =17 1 -1 60
rg | —12| 0 1 30
r1|—25(-1 0 10
5| 0 1 -1 10
8 5| —1,630

The last tableau gives the following optimal solution:

r1 =10, x5=060, x3=30, x4=0, x5=10, x4=0
with the objective function value zJ"™ = 1,630 for the minimization problem.
Example 8 Consider the following LPP:

z = x1 + 229 — max!

s.t. T, — X9 > 1
51’1 — 2[[‘2 S 3
x1, 19 2> 0.

Transforming the above problem into standard form, we obtain

z =1 + 2r9 — max!
Ty — X9 — T3 + Tal = 1
Sr1 — 2x9 + x4 =
T1,T2,T3,Ty4,Ts Z 0.
This leads to the following starting tableau for phase I with the auxiliary objective function
2z = —x 41 — max!

nbv | X1y x3 x3
bv | —1 0O 0 0 0|@
a1 | —1 1 -1 -1 111
x4 | 0| 5 =2 0| 3|2
—1 1 1]-1
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We choose now variable 1 as entering variable, which gives the leaving variable x4. This yields
the following tableau:

nbv | x4 x9 23
bv | —1 0O 0 0] 0@
e 1| -F 1 1] 2
SRR KE
T 3 2
5 5 17§

So, we finish with case (1) described earlier, i.e. z7"** < 0. Consequently, the above LPP does
not have a feasible solution. In fact, in the final tableau, variable x 41 is still positive (so the

original constraint r1 — w9 — x3 = 1 is violated).
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2 Discrete Optimization

2.1 Preliminaries

Discrete Optimization Problem:

f(x) = min! (max!)
xesS

Special case: S finite

— Often S is described by linear inequalities / equations.

Integer (Linear) Optimization Problem:
f(x)=c" - x— min! (max!)
s.t.
A-x<b

x €7l

Parameters A, b, c integer

77 - Set of integer, non-negative, n-dimensional vectors

Mixed Integer (Linear) Optimization Problem:
replace x € Z% by

X1, Loy . Tp € Ly

Tpg1, Tpg2y 3 Ty € RJr

Binary Optimization Problem:
replace x € Z1 by

T1,L2,...,Ty € {0,1}
ie, xe{0,1}"
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Mixed Binary Optimization Problem:

replace x € Z% by
Ty, T2, .

.,z €{0,1}

Try1, Tr42,- -, Tn € R-i-

Combinatorial Optimization Problem (COP):

The set S is finite and non-empty.

Example 9 (Investment planning) An enterprise may realize 5 projects with the following
exzpenditures (in Mill. EUR) for the next three years.

Project year 1 wyear 2 year 3 | profit
1 5 1 8 20
2 4 7 10 40
3 3 9 2 20
4 7 4 1 15
5] 8 6 10 30
Available budgets 25 25 25

Which projects should be realized in order to maximize the profit?

2.2 Branch and Bound Algorithms (B&B)

e Exact procedure

e Method of implicit enumeration: Exclude successively subsets of S which cannot contain
an optimal solution.

e Basic idea for minimization problems:

— BRANCHING: Partition the set of solutions at least into two (disjoint) subsets.
— BOUNDING: Determine for each subset S(i) a lower bound LB(37)

— Let UB be a known upper bound and LB(i) > UB for S(i), then S(i) does not need to
be considered further.

28



First we consider a binary optimization problem:
f(x) — min!
s.t.

xe S C{0,1}"

Remark: In the case of a complete enumeration for n = 50, we would already obtain
| {0,1}* |=2°° ~ 10"

possible combinations.

States of variables

Variable u; describes the state of x; as follows:

State of z; Value of z; | Value of u;
fixed “settled” 1 1
fixed “locked” 0 0

free 0Vl -1

e Vector u € U := {—1,0,1}" is identified with node u in the branching tree. Node u
restricts the set of solutions as follows:

S(u)={xe€S|z;=uy, z; fixed}, je{l,...,n}

e To node u, there corresponds the following optimization problem:

f(x) — min!
s.t. P(u)
x € S(u)

Let f*(u) := min{f(x) | x € S(u)}.
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Introduction of bound functions

Definition 7 A function LB : U — R U {oc} is called a lower bound function, if
(a) LB(u) < min{f(x) |x € S(u)} = f*(u)
() S(uw) = {x} = LB(u) = f(x)
(¢) S(u) € S(v) = LB(u) > LB(v)

Definition 8 UB € R is called an upper bound on the optimal objective function value,
ifUB > min{f(x)|x € S}.

x represents the best solution found so far.

At the beginning of a B&B procedure, we set UB := f(X), if X a heuristic solution, or we set
UB := o0.

Generation of the branching tree
active node: a node, which has not been investigated yet

At the beginning, the branching tree contains only the root u = (=1, —1,...,—1)T as active
node.

Investigation of an active node u

e Case 1: LB(u)>UB

Node u is removed from the branching tree, since according to Definition 5 (a)
min{f(x) | x € S(u)} > LB(u) > UB
holds.

— Problem can be excluded.

o Case 2a: LB(u) <UB with u; € {0,1} for j =1,2,....n

solution x = w is uniquely determined
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IfxeS = due to
F(x) = LB(u) < UB = f(%),
we have found a new best solution. Set X := x and UB := f(x). (Node u is no longer

active.)

— Problem can be excluded.

Case 2b:  LB(u) < UB with u; = —1 for (at least) one j € {1,2,...,n}

Generate the successor nodes w' of node u by fixing one (or several) free variables. (Node
u is no longer active, but the successors w* of u are active.)

— Problem is branched.

Search strategies - Selection of the next active node to be selected for investigation

()

FIFO strategy (first in, first out)

Newly generated nodes are added to the end of the queue and the node at the beginning
of the queue is investigated next.

— Breadth first search

LIFO strategy (last in, first out)

Newly generated nodes are added to the end of the queue and the node at the end of the
queue is investigated first.

— Depth first search

LLB strategy (least lower bound)

The node with the smallest LB(u) is investigated next.
(If LB(u) > UB, then stop.)

The LIFO strategy delivers often quickly feasible solutions. During the course of the search, it
is often recommendable to switch to the FIFO or LLB strategy.

On the bound function LB(u)

One or several constraints of P(u) are “relaxed” or removed.

= One obtains an easier problem P*(u) with S*(u) 2 S(u).
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P*(u) — Relazation of P(u)

Set LB(u) := f(x*(u)), where x*(u) is an optimal solution of P*(u).

Binary problem: For the free variables, replace z; € {0,1} by 0 < x; < 1.

(LP relaxation)

B&B algorithm for binary optimization problems (minimization)
Step 1:
e [f a feasible solution x € S is known, set
Xx:=x and UB:= f(x),

otherwise set
UB = 0.

o Set u’:=(—1,—1,...,—1)7 and U, := {u°} (u° is the root).
Step 2:

o If U, =0, go to Step 4.

Otherwise, select by means of a search strategy a node u € U,, remove u from U, and
calculate LB(u).

Step 3:

e If LB(u) > UB, go to Step 4 in the case of the LLB strategy.

Otherwise, eliminate u from the branching tree.

e If LB(u) < UB and all variables are fixed, set in the case of x € S:

Xx:=x and UB:= f(x).

e If LB(u) < UB and at least one variable is free, generate by fixing one (or several) free
variables the successors of node u. Add the successors of u to U, and to the branching
tree.

e Go to Step 2.
Schritt 4: (Stop)

e If UB < o0, then X is an optimal solution with f(x) = UB. Otherwise, the problem has
no feasible solution.
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This procedure can be generalized to mixed binary problems of the form

f(x,y) — min!

s.t.
(X) €S
y
x cR", y e {0,1}"
If all binary variables are fixed, we have an LPP in the variables z1, xo, ..., z,.

Modifications for integer programming problems
Use as relaxation the resulting LPP, where z; € Z, is replaced by x; > 0 (LP Relazation).

The optimal solution (OS) gives a lower bound LB(u) for node u (we have S*(u) 2 S(u)).

Algorithm by Dakin: (branching strategy)

If in the OS of the LPP at least one variable z} is not integer, generate two successor nodes v¥
und v! by adding the following constraints:

r; < [z}] in S(v¥) and

(2

x; > [27] 4+ 1 in S(v))

2.3 Knapsack Problem

Problem: A climber can use n items 1,2,...,n, where

¢; - value of item 1%
a; - volume of item 1

V' - volume of the knapsack

Goal: Determine a knapsack filling with maximal total value such that the volume V' is not
exceeded.

= Introduce binary variables x; as follows:

1, if item ¢ is put into the knapsack
T =
’ 0, otherwise
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fori=1,2,...,n
= mathematical model:

n
Z Cil; — max!

i=1
s.t. N (K)
;aﬂi <V _.g

T1,Z2,...,Ty € {0,1}

Problem (K) is a binary optimization problem with only one constraint.

Greedy Algorithm (heuristic algorithm)
Step 1:
Number the n items according to non-increasing weights - and set fg := 0.

Step 2:

For j =1,2,...,n do:

Ifa; >V, set k:=j, x]G := 0 and go to Step 3, otherwise set
xJG =1, fa = fa+cjand V =V —a,.

Step 3:
Forj=k+1,k+2,...,ndo:
If a; >V, set :v]G =1, fea=fc+cjand V=V —aq,.

k - critical index
Some remarks on the B&B algorithm for the knapsack problem

1. See also B&B algorithm for binary optimization problems, but: maximization problem.

2. Determine by means of the greedy algorithm a feasible solution x“ and set X := x“ and
LB = fg.
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3. For calculating upper bounds U B(u), use the LP relaxation, i.e., replace the free variables
z; €{0,1} by 0 <z; <1.

4. Possibly, the dimension of the initial problem can be reduced.

Theorem 8 Let f;p be the optimal objective function value of the LP relax-
ation and f; the objective function value obtained by the greedy algorithm
for the knapsack problem (K) and £ be the critical index.

Then there exists an optimal solution x* of problem (K) with the following
properties:

o If for j € {1,2,...,k—1}

a;c
frp— fo <c¢j— -2 i
ay
thenx}le.
o If for je{k+1,k+2,...,n}
fLP_fG<ajCk_Cja

then x;‘ =0.

Remark: Theorem 1 reduces problem (K) to a core problem.
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3 Metaheuristics

3.1 Local Search, Preliminaries

Introduce a neighborhood structure as follows:

N :S—2°
xcS = N(x)C?2°

S - Set of feasible solutions

N(x) - Set of neighbors of a feasible solution x € S

Algorithm ITERATIVE IMPROVEMENT

1. determine an initial solution x € S
REPEAT

2. determine the best solution x’ € N(x);

3. IF f(x') < f(x) THEN x :=x/;
UNTIL f(x') > f(x) for all X' € N(x).

x’ - local minimal point w.r.t. neighborhood N
— The algorithm works with “largest improvement” (best-fit).

Modification:

Use “first improvement” (first-fit), i.e., search the neighborhood in a systematic way and accept
a neighbor with a better objective function value than the current starting solution immediately
for the next iteration.

(Stop, if a complete cycle with all neighbors has been checked without getting a better objective
function value.)

| N(x) | very large = Generate the neighbors randomly.
= Replace row 2 in algorithm “Iterative Improvement” by

2*: Determine a solution x" € N(x)
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Stop, if
e a settled time limit is elapsed or
e a settled number of feasible solutions has been generated or

e a settled number of solutions after the last objective function value improvement has been
generated without improving the objective function value further.

We consider

f(x) = min! (max!)
s.t.

x e S C{0,1}"

Neighborhood Nj(x):
Ne(x) ={x' € S Y |z —a} |< k}
i=1
(x' € Np(x') & x'is feasible and differs in at most k components from x)

= |Mx) | <n

n(n—1) _ n(n+1)
2 2

| No(x)| <n+ (Z) —n+

For the systematic generation of neighbors, change component 1,2,. .. etc.

3.2 Simulated Annealing

randomized procedure, since

e x' € N(x) is randomly selected
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e in the i-th iteration, x’ is accepted with probability

min {1,€xp< _ M)}

t;

as new starting solution ({¢;} is a sequence of positive control parameters known as the
temperature).

Algorithm SIMULATED ANNFEALING

1. 2:=0; choose tg;
2. determine an initial solution x € S,
3. best := f(x);
4. X" :=x;

REPEAT

generate randomly a solution X" € N(x);

ot

6. IF rand|0,1] < min {1, exp <—w>} THEN x := x/;
7. IF f(x') < best THEN
BEGIN x* :=x'; best := f(x') END:;

8. ti-{—l = g(tz),
9. i:=1+1;
UNTIL stopping criterion is satisfied.

Modification:
Threshold Accepting (deterministic variant of Simulated Annealing)
e accept X' € N(x) if

f(x) = f(x) <t
t; — Threshold in the i-th iteration
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3.3 Tabu Search

Goal: Avoidance of ‘short cycles’

= use attributes to characterize the solutions attended recently and forbid the returnal to such
solutions for a specified number of iterations

Notations:
Cand(x) — contains all neighbors x’ € N(x), to which a transition (‘move’) is allowed
TL — tabu list
t — length of the tabu list

Algorithm TABU SEARCH

1. determine an initial solution x € S;
2. best .= f(x);
3. X* 1= X;
4. TL := (;

REPEAT
determine Cand(x) = { x’ € N(x) | the move from x to x" is not tabu };
select a solution X € Cand(x);
update T'L (such that maximal ¢ attributes are contained in 7'L);
X = X;
IF f(X) < best THEN

BEGIN x* :=X; best := f(X) END:;
UNTIL stopping criterion is satisfied.

© o N o
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3.4 Genetic Algorithms

e Use of Darwin’s evolution theory (survival of the fittest)

e Genetic algorithms work with a population of individuals (chromosomes), which are
characterized by their fitness

e Generation of offspring by genetic operators (crossover, mutation)

Fitness and Encoding of an Individual
e.g. fitness(ch)=f(x) for f — max!
ﬁtness(ch):ﬁ for f — min! and f(x) > 0,

where ch denotes the encoding of solution x € .S

x=(0,1,1,1,0,1,0, )" € {0,1}®

ch: [0]1]1]1]o[1]0]1]

Genetic Operators for Generating Offspring

Mutation:

“Mutate” the genes of an individual.

parent chromosome ]0|1|1|1|O|1|0|1\

(3,5)-Inversion oJ1jofx]1]1]o]1]

2-Mutation — [0]o|1]1]o]1]0]1]

(1,4,7)-Mutation [1]1]1]ofo]1]1]1]

Crossover:

Combine the genetic structures of two individuals and generate two offspring.
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1-Point-Crossover  e.g. (4,8)-Crossover

P [1]o[1]o]o[t]o]1]  oO;[1]o]1]1][ofo]1]1]

_>

ploft]1]1]olo[1]t]  O.[0]1]1]o[0]1]0O]1]
2-Point-Crossover — e.g. (3,5)-Crossover

P 1]of1]o]o]1]o]1] O [1]o]1]1]o]1]o]1]

_>

Pyof1]1[1]o]ol1[1]  oO.]0]1]1]o]o]o]1]1]

Algorithm GEN-ALG

1.

set the parameters population size POPSIZFE, maximal number of generations
MAXGEN, probability Poo for the application of a crossover and

probability P,y for the application of a mutation;

. generate the initial population POPy with POPSIZFE individuals (chromosomes);

3. determine the fitness of all individuals;

Ne}

k:=0;
WHILE k£ < MAXGEN DO
BEGIN

. h:=0;

WHILE h < POPSIZE DO
BEGIN

. select two parents from POP; (e.g. randomly proportional to their fitness values

or according to roulette wheel selection);

apply with probability Pro a crossover to the selected parents;

. apply with probability P,/ a mutation to each of the individuals;

h:=h+2;
END;

10. k:=k+1;

11. select from the generated offspring (and possibly also from the parents)

POPSIZFE individuals of the k-th generation PO P
(e.g. proportional to their fitness values);
END
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4 Dynamic Programming

— Problems are considered, which can be partitioned into particular stages so that the overall
optimization can be replaced by a ‘stepwise optimization’ over the stages.

— Dynamic programming is often applied to an optimal control of economic processes, where
the stages correspond to time periods.

4.1 Introductory Examples

(a) Inventory Problem

Problem Formulation:

e A good is stored during a finite planning horizon consisting of n periods.
e In each period, a delivery to the inventory is possible at the beginning.

e There is a demand in each period, which has to be satisfied after a potential delivery.

Notations:
uj > 0 - the amount delivered at the beginning of period j
r; > 0 - demand in period j

x; - stock immediately before the delivery in period j (j =1,2,...,n)

Optimization problem:

n

Z [Ké(uj) + h$j+1] — min!

j=1

s.t.

. (12)
ijrl:Z'j‘i‘uj_Tj, j:1,2,...,n
Tl = Tpti =0

z; >0, i=23....n

uj > 0, j=12....n
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Remark:

1 =2p1 =0 and (12)

= Replace in the objective function hx ;41 by hz; such that each term in the sum has the form

9;(xj,u;).
l’j:$j+1—Uj+TjZO = Uj§$j+1+’l“j

The constraints can be formulated as follows:

$1:$n+1:0
.I‘j:Ij+1—Uj+Tj, j:1,2,...,n
x; >0, 7=12....n

OSUjSZL‘j+1+Tj, j:1,27...,n

(b) Knapsack Problem

, if item j is put into the knapsack

0, otherwise

Optimization problem:

n

Z cju; — max!

j=1
s.t.
n
Z QU S %
j=1
Uy, Usg, .- upn€ {0,1}
— Here the states are no time periods. The decisions which of the items 1,2,...,n are put

into the knapsack is interpreted as decisions in n successive stages.

x; - remaining volume of the knapsack for the items j, j+1,...,n
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=z =V and zj41 =x;—au; forallj=1,2,...,n

Reformulated optimization problem:

chuj — max!
j=1
u.d.N.

Tjy1 = Tj — ajuUj, j=12....n
=V
0<z;1 <V, j=12,....n
u; € {0, 1}, if z; >a;, j=1,2,...,n
uj =0, ifr;<a;, j=1,2,...,n

4.2 Problem Formulation

Dynamic programming problems consider a finite planning horizon, which is partitioned into
n periods or stages.

State variable x;:

— describes the state of the system at the beginning of period j (and at the end of period j—1,
respectively)

— T 1= T, - given initial state of the system

Decision variable u;:

— In period 1 the decision u is made, which transforms die system into the state zs, i.e.,

€U2:f1($1,u1),

where, from the decision uy, the cost g;(z1,u;) results.
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in general:
xjy1 = fj(xj,u;) resultant state
gj(xj,u;) stage cost
Xip #0 State region, which contains possible states at the end of period j,
where X = {z,}
Uj(xj) #0 Control region, which contains possible decisions in period j
(depends on state z; at the beginning of period j)

Optimization problem:

Zgj(xj,uj) — min!
j=1
u.d.N.
i = fi(zjuy), 7=1,2,....n (13)
Ty = Za,
i1 € Xy, j=1,2,....n
u; € Uj(x;), ji=12,...,n

Remark: In general, the time complexity increases exponentially with the dimension of the state
and decision variables

Definition 9 A sequence of decisions (uy,us, ..., uy) is called policy or control. The
sequence of decisions (x1,Ta, ..., Ty, Tni1) corresponding to a given policy (uq, us, . . ., Uy)
according to

T = T4 and T4 = fi(xj,u)) forallj=1,2,....,n

is called the corresponding state sequence. A policy or state sequence satisfying the
constraints (13) is called feasible.
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4.3 Bellman Equations and Bellman’s Principle of Optimality

Given are g;, fj, X;41 and U; for all j =1,2,...,n.

= Optimization problem depends on z1, i.e., Py(z1).

analogously:  Pj(x;) - problem for the periods j,j + 1,...,n with the initial state z;

Theorem 9 (Bellman’s Principle of Optimality)
Let (uj,...,uj,...,u;) be an optimal policy for the problem P (r,) and z} be
the state at the beginning of period j, then (u*

*

u}) is an optimal policy

j, ceey n

for the problem P;(zj), i.e.:

The decisions in the periods j,...,n of the n-period problem P,(z;) are (for
a given state z7) independent of the decisions in the periods 1,...,j — 1.

Bellman Equations:

1. Let vj(z;) be the minimal cost for the problem P;j(z;). For j = 1,2,...,n, the relation-
ships

vi(x;) = g;(x, u5) + vj 1 (7 41)

= min 99;(z;,u;) + v [fi(z), uy)] (14)
{ |

u;€Uj(x;)

fﬂjEXj

are called the Bellman equations (BE), where

UZ+1 (Tny1) =0

for z,411 € Xpq1.

= Function v} can be determined provided that v}, is known.

2. BE can also be determined for the following cases:
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4.4

(a) > gj(xj,u;) — max!
=1

= Replace in (14) min! by max!

U;(IL’]'): min {gj($j7uj)'v;—i-l[fj(xjvuj)}}

u; €U (2;)
where vy | (2n41) := 1 and

gj(xj,u;) >0 forall x; € X;,u; € Uj(x;),j =1,2,...,n

(c) fgjagl{gj(%uj)} — min!

= BE:

fu;-‘(xj): min {maX{gj(inan)Sv;ﬂ[fj(mj’uj)}}}

u; €U;(w;)

where v} (2p41) =0

Bellman Method

= successive evaluation of (14) for j =n,n —1,...,1 to determine v} (z;)

Algorithm DO

Phase 1: Backward Calculation

(a) Set vy (Tp41) := 0 for all x4 € Xppy.

(b) For j =n,n—1,...,1do:

For all z; € X, determine 27(r;) as the minimum point of function
wj (@, u5) = gj(@5, uz) + Vi [fi(75,0)]
on Uj(x;), i.e.,

wj(x5, 25 (25)) = u_g[lji_f(lx_)wj(ﬂfjjuj) = vj(z;) for z; € X;
J J J
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Phase 2: Forward Calculation

(a) Set z} := z,.

(b) For j =1,2,...,n do:
u; = Z;(:Ej), Tiyg = f](a:;,u;)
= (uf,ud,...,u}) optimal policy
= (x7,23,...,25 ) optimal state sequence for problem P, (z] = x,)

Summary: DP (Dynamic Programming)

Phase 1: Decomposition
Phase 2: Backward calculation

Phase 3: Forward calculation

Remark: If all equations

i = fij(zj,u5), j=1,2,....n
can be uniquely solved for z;, one can also execute first a forward calculation and then a
backward calculation (e.g. for the inventory problem from 4.1.).

4.5 Examples and Applications

(a) Knapsack Problem

Assumption: 'V, aj, ¢; - integer

0,1} for x; > a; .
U](x]): { } ] ] ’j:1727"'7n
0 for z; < a;
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BE:

vila) = max e+l — o)l 1<) <n

Backward Calculation:

Cn, if z,, > a,
vy (Tn) =
0, otherwise

1, ifz, >a,
Zn(Tn) =

0, otherwise

Forj=n—-1,n—-2,..., 1

V-

. max{v;ﬂ(xj); cj + iz — aj)}, if z; > a;
j(xj) =

v (25), otherwise

E
<j

L ifvi(zy) > vy, (75)
(z;) =
0, otherwise

= v} (V') - maximal value of the knapsack filling

Forward Calculation:

* R * _ X
Ty =T — aju

: i=1,2....n

7
(b) Determination of a Shortest (Longest) Path in a Graph

Goal: Determine a shortest path from vertex (city) x; to vertex (city) z,1.

Let:
X; = {x},x?, e ,xé‘? - set of all vertices of stage j, 2<7<n

Xi=A{m}, Xop1={znn}

Uj(z;) ={zj31 € Xj31 | I avertex from z; to x; 11}, j=1,2,...,n
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vi(z;) - length of a shortest path from vertex z; € X to vertex x,,,
gj(xjv uj) = Caj,u;
fin(@j,u5) = uj = zj0

. o . .
25 (z5) = uj = x4 if 254, is the next vertex after vertex x; on a shortest path
from vertex z; to vertex x,44

BE:

*
vn(Tn) = Capozny, for z, € X,

Forj=n—1,n—-2,...,1:

A

vi(a;) = min{ ey, oy, + V5 (2541) | 241 € Xjpq such that the arc(z;, 2;41) exists}
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