
Fakultät für Mathematik
Institut für Mathematische Optimierung
Prof. Dr. F. Werner

Examination in Mathematical Economics
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Working time: 120 minutes

The derivation of the results must be given clearly. The statement
of the result only is not sufficient.

Tools:

- pocket calculator
- printed collection of formulas
- two individually prepared double-sided sheets of paper with arbi-
trary material
- textbook ‘Mathematics of Economics and Business’

It is not allowed to use mobile phones.

Distribution of points obtainable for the problems:

problem 1 2 3 4 5 sum

points 11 12 11 8 8 50
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Problems:

1. By using x and y units of two inputs, a company produces√
xy units of a product. The input factor costs are u and v per

unit, respectively. The company wishes to minimize the costs
of producing at least q units, but it is required to use at least
a units of the first input. Here a, q, u, v are positive constants.

(a) Formulate the problem as a nonlinear programming pro-
blem and write down the Karush-Kuhn-Tucker (KKT) con-
ditions.

(b) Explain briefly why an optimal solution must satisfy
√

x∗y∗ = q.

(c) Now, let a = 5, u = 4, v = 1, q = 20. Using (b), determine
a solution of the KKT conditions (Hint: Consider the case
x > a = 5).

2. Consider the nonlinear programming problem

F (x, y) = x + 2y − y3 → max!

s.t.
x + y ≤ a

x ≥ 0, y ≥ 0,

where a ∈ [1, 2].

(a) Setup the Karush-Kuhn-Tucker (KKT) conditions and de-
termine a solution.

(b) By means of the determinant criterion, check whether func-
tion F is (strictly) convex/concave?

(c) Determine the maximal value function f ∗(a) and give the
optimal function value for a = 3

2 .

3. Let the following system of differential equations be given:

ẋ = x + 2y − 4

ẏ = −y + 3
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(a) Is the system globally asymptotically stable?

(b) Find the general solution by the eigenvalue method.

(c) Let x ≥ 0 and y ≥ 0. Draw the nullclines and for each
resulting sector from the nullclines the directions of motion
into a phase diagram.

(d) Transform the given system into a single second-oder dif-
ferential equation for function x(t).

4. Consider the following nonlinear system of differential equati-
ons in the variables K and C:

K̇ =
1

5
K2 − 3

5
K − 2

5
KC

Ċ = 3KC + C2 − 16C

(a) Determine all equilibrium states of the system.

(b) For the equilibrium state (K∗, C∗) with K∗ > 0 and C∗ >

0, linearize the given system at this point and give the
resulting system of differential equations.

5. Consider the following macroeconomic control problem:

max

{∫ 5

0

(
0.5x(t)− u2(t)

2

)
e−0.1t dt +

9

4
x(5) e−0.1t

}
,

ẋ(t) = −0.3x(t) + u(t), x(0) = x0, x(5) = free, u ∈ R,

where x0 is a given constant.

(a) Set up the current value Hamiltonian Hc with λ0 = 1 for
this problem and derive the necessary optimality conditi-
ons from the maximum principle.

(b) Determine the general solution for the costate variable λ(t)
and the value of the included constant.

(c) Formulate the resulting differential equation for the state
variable x(t) and determine the general solution of the as-
sociated homogeneous equation (do not compute the con-
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stant). Write down the setting for finding a particular so-
lution of the corresponding non-homogeneous differential
equation (do not compute it).
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