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Abstract

Optimal scheduling is considered as sequencing the given activities over time in order to
meet some given objective. Activities (jobs, operations) represent processes which use
resources (machines) to produce goods or to provide services. This work presents a survey of scheduling and sequencing problems with interval or uncertain data which can be
solved by a stability method. It is assumed that the job processing times (and other numerical parameters) may take any values from given closed intervals. For different types
of problems, we discuss mathematical models, known results, and developed algorithms,
which are based on a stability analysis of an optimal solution with respect to possible
variations of the input parameters. The main attention is paid to multi-stage processing
systems with a fixed job route through the given machines, but we also deal with singlestage scheduling problems. The surveyed stability method combines a stability analysis,
a multi-stage scheduling decision framework (the off-line planning stage and the on-line
scheduling stages), and the solution concept of a minimal dominant set of schedules that
optimally covers all scenarios in the sense that for any scenario such a set contains at
least one solution (an optimal sequence). The results discussed in this survey have been
obtained in the period from 1988 to 2013. This work will provide the reader with a comprehensive understanding of the stability method and the models appropriate for scheduling
and sequencing with interval data. This survey shows how one can use the stability of an
optimal (or near optimal) sequence of the given activities to overcome the uncertainty of
the numerical input data.
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Introduction

The idea of a stability approach for solving scheduling problems with uncertain parameters
arose at the United Institute of Informatics Problems of the National Academy of Sciences
of Belarus, when the first author investigated the stability of an optimal schedule [121]. This
approach was further developed at the Institute of Mathematical Optimization of the Ottovon-Guericke University of Magdeburg in Germany, where both authors took part in several
scientific projects in the period from 1993 till 2013. The stability approach was described in the
monograph [122], which was written at the Department of Industrial and Business Management
of the National Taiwan University, where the first author took part in the scientific projects
headed by T.-C. Lai from 1997 till 2011.
This survey is about optimal scheduling with uncertain (or interval) numerical data. A schedule
is considered as a mathematical object and so it does not matter, where the schedule is used.
Optimal scheduling is considered as sequencing the given activities over time in order to meet
a given objective. Activities (or jobs, operations) represent processes that use resources (or
machines) to produce goods or provide services. This survey addresses the stability of an
optimal schedule with respect to uncertainty of the input data. It is shown how one can use
the stability of an optimal (or near optimal) sequence of the given activities to overcome the
uncertainty of the numerical input data.
There is no unique method that will fit all the different types of uncertainties arising in the real
world, and the method described in this survey aims to complement but not to replace other
methods to deal with uncertainty in sequencing and scheduling. In particular, a stochastic
method is useful when one has enough prior information to characterize the probability distributions of the random activity durations and there is a sufficiently large number of repetitions
of similar processes. However, a stochastic method may have a limited significance for a small
number of realizations of the process. In contrast to a stochastic model and a fuzzy model,
we assume that in spite of the uncertainty of the input data, the desired schedule must fix the
unique place in the sequence for each given activity. Contrary to most methods for dealing
with uncertainty in scheduling, the main aim of the stability method is to construct really an
optimal schedule for the actual numerical input data. Of course, this is only possible when
the level of uncertainty is not very high. Otherwise, a decision-maker must look for a heuristic
solution using the stability method or another method for scheduling under high uncertainty.
In order to outline the stability approach, let us discuss a connection between time, which is
necessary for solving a scheduling problem and time, which is necessary for the realization of
a schedule. What is the main role of time in practical scheduling? Since time has only one
direction for variation (from present to future), actually a decision-maker may have reliable
information only about the activities that are already realized, and there may be not enough
information about the realization of the future activities involved in a real schedule. In practice,
it is useful to take into account that a unit of time may have a different “price” while solving a
scheduling problem. With this in mind, we distinguish several time phases in decision-making
depending on a static or dynamic scheduling environment. The first, off-line, proactive, phase
of scheduling is used before realization of the given activities (static scheduling) while the
subsequent, on-line, reactive phases of scheduling are used when a part of the schedule has
already been realized (dynamic scheduling). Actually, at the off-line phase of scheduling, there
may be more time for decision-making and so the “price” of a time unit may be low. However,
before the realization of the activities, there is usually not enough reliable information to
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construct an optimal schedule for the future realization of the activities. Thus, at the off-line
phase of scheduling, it is necessary to create a solution (multiple schedules) to the scheduling
problem provided that the main numerical input data are uncertain. At the off-line phase of
scheduling, we propose to realize a stability analysis of the constructed schedules to deal with
different contingencies that may arise during the schedule execution.
At the on-line phases (in the dynamic scheduling when a part of the schedule has already been
realized), there is more reliable information for the decision-making (the situation becomes
more certain, e.g., due to the known durations of the activities already executed). However,
there is often not enough time for using this additional information in order to construct a
post-optimal schedule. The main idea of the approach described in this work is to prepare for
the on-line phases of scheduling when the “price” of a time unit will be higher than that at the
off-line phase of scheduling [121, 122].
The processing systems considered in this survey are those arising in practice for scheduling
in continuous manufacturing industries and in discrete manufacturing industries (e.g., cars,
semiconductors). Continuous manufacturing industries often have two types of machines: Machines for the main operations (e.g., paper mills, steel mills, aluminum mills, chemical plants,
refineries) and machines for finishing operations such as cutting of the material, bending, folding, painting and printing. Medium and short term scheduling of the latter operations often
leads to single machine scheduling problems; see Section 6. Scheduling the main production
operations leads to flow shop and job shop scheduling problems; see Section 5. The most general processing system considered in this survey is a general shop; see Section 3. Within this
survey, we use mixed graphs for modeling a two-stage scheduling environment with different
types of uncertainties; see Subsection 3.1. Problem settings, notations, and a scheme of the
stability method are described in Section 2. Following the monographs [121, 122], most sections
of this survey are written as self-sufficient for understanding. Remarks and bibliographic notes
are given at the end of each section in the subsection entitled “Notes and references”, where
publications are cited, in which the results presented in the section have been obtained. We
attempted to minimize the number of references used within other subsections.

2

Problem settings, notations, and the stability method

Mathematical problems arising in scheduling are studied in scheduling theory containing the two
main parts based either on deterministic models or on non-deterministic models (stochastic,
fuzzy, or uncertain). Deterministic models have been introduced for scheduling environments
(see [15, 79, 135, 136] among others) in which the processing time (duration) of each job processed by a machine and other numerical parameters are supposed to be given in advance
(before applying a scheduling procedure) and assumed to be fixed (constants) during the realization of a schedule. Often in real life, however, the exact numerical data are not known
in advance, and difficulties arise when some job processing times (which were assumed to be
fixed) will vary due to a change in a dynamic environment. Even if all processing times are
fixed before scheduling, one is forced to take into account possible errors within the realization
of a schedule, the precision of the equipment for calculating the numerical data, round-off errors
in the calculation of a schedule on the computer, machine breakdowns, additionally arriving
jobs, and so on.
More general scheduling settings have been considered using stochastic models [20, 79] (and
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fuzzy models [89]), where the job processing time is assumed to be a random variable (a fuzzy
number) with a known probability distribution (with known membership function). In practice,
difficulties may still arise in many scenarios. First, one may not have enough prior information to characterize the probability distribution (the membership function) of a random (fuzzy)
numerical data. Second, even if the probability distributions (membership functions) of all random (fuzzy) numerical data are a priori known, these distributions (the membership functions)
are really useful for a large number of realizations of similar scheduling environments, but they
can be of little practical sense for a unique or small number of similar realizations.
In this survey, a model of one of the more realistic scheduling scenarios is considered: It is
assumed that in the realization of a schedule, a processing time (or other numerical parameters)
may take any real value between the lower and upper bounds given before scheduling. Obviously,
a deterministic model is a special case of such a model (namely, if lower and upper bounds are
identically given for a processing time). The model considered can also be interpreted as a
stochastic one under strict uncertainty when there is no sufficient a priori information about
the probability distribution of a random processing time (or more precisely, it is only known
that the random processing time will fall between the given lower and upper bounds with
probability one).
The general scheme of the stability approach for dealing with uncertainty in scheduling may
be described as follows. The original scheduling problem is decomposed into two (or more)
sequential scheduling problems (phases). At the off-line phase, a set of potentially optimal
schedules (namely, a minimal dominant set of schedules) has to be constructed under the conditions of uncertainty of the given available numerical input data. It is assumed that only lower
and upper bounds for the activity duration are known at the first, off-line, phase of scheduling.
Moreover, the probability distributions of the random activity durations are assumed to be
unknown between their lower and upper bounds. For solving a scheduling problem with such
an uncertain input data, we propose to use a stability analysis of an optimal schedule with
respect to the possible variations of the given parameters. Since the “price” of time is not high
at the off-line phase of scheduling, a decision-maker can use even a time-consuming algorithm
for solving a scheduling problem with uncertain numerical data. When some activities will
be realized, a decision-maker will have more reliable information that may be used to find an
optimal schedule. So, at the on-line phase of scheduling, it is necessary to choose a schedule
(from the minimal dominant set of schedules constructed at the off-line phase) that must be
realized in an optimal way. Such a schedule must be optimal for the actual activity durations.
To solve a scheduling problem at the on-line phase, a decision-maker needs to use fast (i.e.,
polynomial-time) algorithms.
We consider a multi-stage processing system (for brevity, a shop), which consists of a set of
machines M = {M1 , M2 , . . . , Mm } that must process a set of jobs J = {J1 , J2 , . . . , Jn }. For the
shop, there are assumed the following conditions.
Condition 1: At any time, a machine Mk ∈ M either processes one job or is idle.
Condition 2: At any time, a job Ji ∈ J is either processed by one machine from the set M,
waits for processing or is already completed.
Condition 3: The machine order (Mi1 , Mi2 , . . . , Mini ) for processing a job Ji ∈ J, called the
technological (or machine) route of job Ji , is fixed before scheduling.
The processing of a job Ji ∈ J by a machine Mik ∈ M at the stage k ∈ {1, 2, . . . , ni } of the
technological route is called an operation denoted as Oik . Let Q be the set of all operations for
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processing all jobs from the set J: Q = {Oik : Ji ∈ J, k = 1, 2, . . . , ni }. If the machine routes
are identically given for all jobs from the set J, e.g., (M1 , M2 , . . . , Mm ), then we have a flow
shop, otherwise (if the machine routes may be given differently for different jobs), we have a
job shop. In the former case, each job has to be processed once by each machine while in the
latter case, repetitions and (or) absence of a machine in the technological route of a job are
allowed. In both cases each operation is assigned to a certain machine, and the technological
route (Mi1 , Mi2 , . . . , Mini ) of job Ji ∈ J defines linearly ordered operations (i.e., a sequence)
(Oi1 , Oi2 , . . . , Oini ) such that operation Oik has to be processed by machine Mik ∈ M after
operation Oi,k−1 processed by machine Mik−1 ∈ M and before operation Oi,k+1 processed by
machine Mik+1 ∈ M , k ∈ {2, 3, . . . , ni − 1}. For a flow shop, the equality ni = m holds for
each job Ji ∈ J while in a job shop, the value ni may be smaller or larger than m or equal to
m for a job Ji . For both flow and job shops, it is assumed that there are no other precedence
constraints given on the set Q except those defined by the machine routes (Oi1 , Oi2 , . . . , Oini ),
Ji ∈ J.
Condition 4: Preemption of an operation is forbidden.
Thus, in any schedule, operation Oij ∈ Q being started at time sij has to be processed up to
its completion time cij = sij + pij , where pij is the processing time of operation Oij . Let Qk
denote the set of all operations from the set Q that have to be processed by machine Mk ∈ M .
In a deterministic model, the processing times pij are fixed for all operations Oij , Ji ∈ J, j =
1, 2, . . . , ni . Therefore, a schedule may be defined as the set of starting times sij (or the set of
completion times cij ) of all operations Q. Such a set of the starting (or completion) times of
the operations Q defines a unique sequence for processing the operations Qk by each machine
Mk , k = 1, 2, . . . , m. A schedule uniquely defines m sequences (one sequence of the operations
Qk for one machine Mk ∈ M ) and vice versa. The objective of a shop-scheduling problem is
to find such a schedule (i.e., to find such m sequences of the operations QJk on the machines
Mk , k = 1, 2, . . . , m) for which the value of the given objective function Φ(C1 , C2 , . . . , Cn ) is
minimal. Hereafter, Ci is equal to the completion time of job Ji ∈ J, i.e., Ci = cini .
If the objective function Φ(C1 , C2 , . . . , Cn ) is non-decreasing, such a criterion is called regular.
In multi-stage scheduling, the most popular regular criteria are the minimization of maximum
flow time (makespan)
Φ(C1 , C2 , . . . , Cn ) = max{Ci : Ji ∈ J} = Cmax
and the minimization of mean flow time
Φ(C1 , C2 , . . . , Cn ) =

n
X

Ci =

X

Ci .

i=1

Scheduling problems are classified by triplets α/β/γ. Using such a triplet, the
deterministic
P
shop problems considered in Sections
3 – 6 are denoted by J //Cmax and J // Ci for the job
P
shop and by F//Cmax and F// Ci for the flow shop. The symbols J and F are used to
indicate a job shop and a flow shop, respectively.
The job shop problem is NP-hard for most criteria considered in scheduling theory even for a
small number of machines
and jobs. The following shop-scheduling problems are unary NPP
hard: F3//Cmax , F3// Ci , J 3/pij = 1/Cmax and J 2/pij ∈ {1, 2}/Cmax [32, 61, 62]. Problems
P
P
F/n = 3/Cmax , F/n = 3/ Ci , J 3/n = 2/Cmax and J 3/n = 2/ Ci are binary NP-hard
[16, 95, 116].
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The job shop problem J //Φ is a special case of a general shop problem G//Φ, in which arbitrary
precedence constraints may be given on the set of operations Q. Hereafter, Φ denotes any given
regular criterion: Φ = Φ(C1 , C2 , . . . , Cn ). A general shop is defined via a partially ordered set
of the given operations.
In Section 3, we present results for the calculation of the stability radius of an optimal schedule
for general and job shops. The main attention is paid to the results on a stability analysis that
are used in the stability method. Section 3 deals with a mathematical model for scheduling
scenarios in which the processing time of each operation Oij ∈ Q (or other numerical parameters
like job release times, set-up times, transportation times, etc.) may be uncertain before applying
a scheduling procedure and may take any real value between a given lower bound aij ≥ 0 and
an upper bound bij ≥ aij .
Condition 5: The actual processing time pij of the operation Oij ∈ Q may take any real value
between given lower and upper bounds: aij ≤ pij ≤ bij .
It is clear that not only the duration of the processing of operations may be a source of uncertainty in practical scheduling. Uncertainty may also arise from machine breakdowns, unexpected arrivals of new jobs, late arrivals of raw materials, modifications of setup times,
release dates and (or) due dates. As it will be shown in Section 3, all these and some other
sources of uncertainty may be treated in terms of problem G/aij ≤ pij ≤ bij /Φ. So, problem
G/aij ≤ pij ≤ bij /Φ seems to be rather realistic, at least, it is not very restrictive: Even if there is
no prior information on the possible perturbations of the processing times pij , one can consider
0 as a given lower bound of pij and a sufficiently large number (e.g., the planning horizon) as
a given upper bound of pij .

3

Stability radius of an optimal schedule

The usual assumption that the processing times of all operations, setup times, release dates, due
dates, and other numerical parameters are exactly known before scheduling restricts practical
aspects of deterministic models of scheduling theory since it is often not valid for real-world
processes. This section is devoted to the results obtained for the stability analysis of an optimal schedule that may help to extend the significance of scheduling theory for real production
scheduling problems. The terms “stability analysis”, “sensitivity analysis” or “post-optimal
analysis” are used for the phase of an optimization process at which a solution of an optimization problem has already been found, and additional calculations are performed in order to
investigate how this solution depends on the numerical input data. The stability radius of an
optimal schedule denotes the largest quantity of independent variations of the processing times
of the operations (and other changeable numerical parameters) such that this schedule remains
optimal.
The main reason for calculating the stability radii is that in most practical cases, the processing
times of the operations (and other numerical input data) are inaccurate before applying a
scheduling procedure. In such cases, a stability analysis is necessary to investigate the credibility
of an optimal schedule. On the one hand, if the possible errors of the numerical parameters are
larger than the stability radius of an optimal schedule, this schedule may not be the best in a
practical realization, and so there is not much sense in likely large efforts to construct an optimal
schedule: It may be more advisable to restrict the scheduling procedure to the construction of
an approximate or heuristic solution. On the other hand, this is not the case when the possible
6

change of each numerical parameter is less than or equal to the stability radius of an optimal
schedule: An a priori constructed optimal schedule will remain optimal (i.e., the best for the
given objective) in any practical realization. Another reason for calculating the stability radius
is connected with the need to solve a set of similar scheduling problems. In reality, the main
characteristics of a shop (such as the number of machines, the technological routes, the range of
variations of the processing times, and so on) do not change quickly, and it may be possible to
use previous computations of an optimal schedule for solving a new similar scheduling problem.
Since the majority of scheduling problems is NP-hard, enumeration schemes such as branch-andbound are often used for finding an optimal schedule. To this end, it is necessary to construct
a solution tree, which is often huge. Unfortunately, most of the information contained in the
solution tree is lost after having solved the problem. In such a situation, the stability radius
of the optimal schedule constructed gives the possibility to use a large part of this information
for solving further similar scheduling problems.
The rest of this section is organized as follows. In Subsection 3.1, we introduce a mixed
(disjunctive) graph model to represent the input data of a general shop scheduling problem
G//Φ. It is shown that various scheduling problems may be represented as extremal problems on
mixed graphs, and the only requirement for such a representation is the prohibition of operation
preemptions (Condition 4 on page 5). In Subsection 3.2, we describe how the stability radius
of an optimal schedule (digraph) for problem G//Φ can be calculated via the reduction to a
non-linear mathematical programming problem. The advantage of studying the stability of an
optimal digraph instead of the stability of an optimal schedule is demonstrated in Subsections
3.1 and 3.2. The calculation of the stability
radius along with characterizations of its extreme
P
values for the problems G//Cmax and G// Ci are considered in Subsection 3.3 and in Subsection
3.4, respectively.
3.1

Mixed graphs for modeling a general shop

We consider a general shop in which the given partially ordered set of operations Q has to be
processed without interruptions by a set of machines M = {M1 , M2 , . . . , Mm }.
Let pij denote the processing time (duration) of operation Oij ∈ Q and cij denote the completion
time of operation Oij . Operation preemption is not allowed (Condition 4 on page 5): If an
operation Oij starts at time sij , its processing is not interrupted until the time cij = sij + pij
of completion. The problem of finding an optimal schedule minimizing the given objective
function Φ of the job completion times is denoted as G//Φ. The set of operations Q is partially
ordered by the given precedence constraints (temporal constraints) →. Given two operations
Oij ∈ Q and Ouv ∈ Q, where operation Oij is a predecessor of operation Ouv , i.e., Oij → Ouv ,
the inequality
cij + puv ≤ cuv
(3.1)
must hold for any schedule. Let Qk be the set of operations processed by machine Mk ∈ M , and
S
so the partition Q = m
k=1 Qk of the set Q defines resource constraints. Since at any time each
machine Mk ∈ M can process at most one operation (Condition 1) and operation preemptions
are not allowed (Condition 4), the two inclusions Oij ∈ Qk and Ouv ∈ Qk imply one of the
following disjunctive inequalities:
cij + puv ≤ cuv

or
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cuv + pij ≤ cij .

(3.2)

For the case of a job
shop, the set of operations Q is also partitioned into n chains (linearly
S
ordered sets): Q = ni=1 QJi , where each chain includes the set QJi of operations for processing
job Ji , 1 ≤ i ≤ n.
For the problem G//Φ, the processing time pij of each operation Oij ∈ Q is fixed before
scheduling, and therefore, a schedule of the operations Q on the machines M may be defined
by the completion times cij or by the starting times sij = cij − pij of the operations Oij ∈ Q. If
the operation processing times are not fixed before scheduling (Condition 5), it is not possible
to define sij and cij for all operations Oij ∈ Q before the schedule execution. Therefore,
in the general case of problem G/aij ≤ pij ≤ bij /Φ, the goal is to determine a sequence for
processing the set of operations Qk on each machine Mk ∈ M = {M1 , M2 , . . . , Mm }. Such a set
of m sequences satisfying both the given precedence constraints (3.1) and the given capacity
constraints (3.2) is defined as a schedule for the problem G/aij ≤ pij ≤ bij /Φ. The general
shop problem is to find a schedule that minimizes the value of a given non-decreasing objective
function Φ(C1 , C2 , . . . , Cn ).
A mixed (disjunctive) graph is often used to model a deterministic scheduling problem. We
also represent the structural input data for a general shop problem by means of a mixed graph
G = (Q, A, E), where the set Q of operations is the set of vertices; the precedence constraints
(3.1) are represented by the set of non-transitive arcs A. If operation Oij must be processed
before operation Ouv starts, i.e., a precedence constraint Oij → Ouv is given, then the arc
(Oij , Ouv ) has to belong to the set
A = {(Oij , Ouv ) : Oij → Ouv }.
The capacity constraints (3.2) are represented by the set E of edges [Oij , Ouv ] connecting the
unordered operations Oij and Ouv , which have to be processed by the same machine:
E = {[Oij , Ouv ] : Oij ∈ Qk , Ouv ∈ Qk neither Oij → Ouv nor Ouv → Oij holds}.
For a deterministic problem G//Φ, one can associate a non-negative weight pij with each vertex
Oij ∈ Q in the mixed graph G = (Q, A, E) constructed for the problem G//Φ. The weighted
mixed graph G(p) = (Q(p), A, E) with p = (p1,1 , p1,2 , . . . , pnnn ), represents both the structural
and numerical input data for the general shop scheduling problem G//Φ. For solving the
problem G//Φ, we replace the edge [Oij , Ouv ] ∈ E by an arc incident to the vertexes Oij and Ouv .
Indeed, due to Condition 1, if the edge [Oij , Ouv ] belongs to the set E, then for the operations
Oij and Ouv , there exist two possibilities: To provide the first inequality from (3.2) (in this case
the edge [Oij , Ouv ] has to be replaced by the arc (Oij , Ouv )), or to provide the second inequality
from (3.2) (in this case the edge [Oij , Ouv ] has to be replaced by the arc (Ouv , Oij )). The digraph
Gs = (Q, A ∪ Es , ∅) generated from the mixed graph G = (Q, A, E) by an orientation of all
edges E is feasible if and only if Gs contains no circuit. Let Λ(G) = {G1 , G2 , . . . , Gλ } be the
set of all feasible (or circuit-free) digraphs Gs = (Q, A ∪ Es , ∅) generated from G. We remind
that a schedule is called semiactive if no operation Oij ∈ Q can start earlier without altering
the processing sequence of the operations on any of the machines M .
Lemma 1 If the objective function Φ(C1 , C2 , . . . , Cn ) is non-decreasing, it is sufficient to check
only semiactive schedules while solving the problem G//Φ.
Lemma 2 Each feasible digraph Gs = (Q, A ∪ Es , ∅) ∈ Λ(G) uniquely defines a semiactive
schedule s ∈ S for the problem G//Φ, and vice versa.
8

Due to Lemma 1, for solving the problem G//Φ, we can restrict ourselves to the consideration
of the set S of all semiactive schedules. Given a vector p = (p1,1 , p1,2 , . . . , pnnn ), the digraphs
Gs ∈ Λ(G) and Gs (p) are called optimal if and only if schedule s ∈ S is optimal. Due to Lemma
2, we can use a digraph Gs ∈ Λ(G) (an optimal digraph Gs ) instead of a schedule s ∈ S (instead
of an optimal schedule s). The digraph Gs ∈ Λ(G) uniquely defines a set of m sequences for
processing the operations Qk by the machine Mk ∈ M = {M1 , M2 , . . . , Mm }, and vice versa. It
should be noted that the digraph Gs ∈ Λ(G) is more appropriate when performing a stability
analysis for the problem G//Φ since it is ‘more stable’ than the corresponding schedule s ∈ S
with respect to the variations of the operation durations (and other numerical parameters
involved in the schedule s). It is more useful to consider a stability analysis for an optimal
digraph Gs ∈ Λ(G) (defining the set of m optimal sequences for processing the operations Qk
by the machine Mk ∈ {M1 , M2 , . . . , Mm }) than for the optimal schedule s ∈ S. Frequently,
a production process is controlled by the operation sequences and not the actual starting and
completion times of the operations provided by a schedule. Also, even any small change in a
processing time definitely changes a schedule. But the practical need to reschedule occurs when
the operation sequence changes. Large and more meaningful ranges of numerical parameter
changes are obtained when considering the digraph Gs ∈ Λ(G) instead of the schedule s ∈ S. It
is often more important in practice to keep in mind not the calendar times when the operations
have to be started and have to be completed, but only the m sequences in which the operations
Qk , k = 1, 2, . . . , m, have to be processed on each machine Mk ∈ M (these sequences are
uniquely defined by the digraph Gs ). Note also that the starting and completion times of
the operations Q, the value of the objective function and other characteristics of a semiactive
schedule s, corresponding to an acyclic weighted digraph Gs (p), can be easily determined using
critical path calculations.
Given a fixed vector p = (p1,1 , p1,2 , . . . , pnnn ) of the processing times, in order to construct an
optimal schedule for the problem G//Φ, one may enumerate (at least explicitly) the feasible
digraphs G1 (p), G2 (p), . . . , Gλ (p) generated by the mixed graph G and then select an optimal
digraph, i.e., a feasible digraph with minimal value of the objective function. Although problem
G//Φ is unary NP-hard for any regular criterion Φ, [58, 136], the running time of calculating
an optimal schedule s = (c1 (s), c2 (s), . . . , cq (s)) may be restricted by an O(q 2 )-algorithm after
having constructed an optimal digraph Gs (p). Thus, the main difficulty of the problem G//Φ
(in terms of the mixed graph approach) is to construct an optimal digraph Gs = (Q, A ∪ Es , ∅),
i.e., to find the best set Es of arcs generated by orienting the edges of the set E. Each feasible
digraph Gs = (Q, A ∪ Es , ∅) is uniquely defined by the set of arcs Es replacing the edge set E.
If the operation durations (or other parameters) given before scheduling may vary in the realization of a schedule, it is not sufficient to construct only an optimal digraph Gs ∈ Λ(G) for
solving the problem G//Φ. It is important to analyze the question of how much the operation durations (or other parameters) may vary so that the digraph Gs remains optimal. Next,
we show that, due to the generality of the above mixed graph model, one can analyze other
changeable parameters of a general shop problem (like release dates, due dates, job weights,
setup times, etc.) in terms of the mixed graph G.
In particular, including a dummy operation 0 into the mixed graph G which proceeds the first
operation of each job Ji ∈ J allows one to consider the processing time p0 of this dummy
operation as a release date of job Ji . Let d be a sufficiently large number. Including a dummy
operation q into the mixed graph G which succeeds the last operation of job Ji allows one to
consider the processing time of the dummy operation q as a due date di of job Ji . If machine
9

Mk ∈ M needs a sequence-independent setup time τij ≥ 0 before starting the operation Ouv ∈
Qk after the completion of the operation Oij ∈ Qk , [Oij , Ouv ] ∈ E, then the weight (processing
time) of the operation Oij has to be increased by the value τij (pij := pij +τij ). If job Ji ∈ J needs
a sequence-independent transportation time ϑij ≥ 0 before starting the operation Oi,j+1 ∈ QJi
after the completion of the operation Oij ∈ QJi , then the weight (processing time) of operation
Oij has to be increased by the value ϑij (pij := pij + ϑij ). If the given setup times τij,uv ≥ 0 (or
transportation times ϑij ≥ 0) are sequence-dependent, then we have to consider also weighted
arcs and edges in the mixed graph G. Namely, the arc (Oij , Ouv ) ∈ A must have the weight
τij,uv (weight ϑij,uv , respectively). The edge [i, j] ∈ E must have two weights: the weight τij
(weight ϑOij ,Ouv ) for an orientation (Oij , Ouv ) ∈ Es of the edge [Oij , Ouv ], and the weight τuv,ij
(weight ϑuv,ij ) for an orientation (Ouv , Oij ) ∈ Es of this edge. Job weights may also be taken
into account in the objective function Φ.
Remark 1 The mixed graph model G allows one to consider other parameters (like release
dates, due dates, setup times, etc.) than the operation processing times.
In the following subsections, we present some results for the stability ball of an optimal digraph
Gs (p), i.e., a closed ball in the space of the numerical input data such that within this ball a
schedule s remains optimal. For simplicity, due to Remark 1, we will consider the operation
durations (processing times) as the only changeable parameters.
3.2

Regular criterion

This subsection is devoted to the stability of an optimal digraph Gs (p), which represents a
solution to problem G//Φ. The main question is as follows. Under which largest simultaneous
and independent changes in the components of the vector p = (p1,1 , p1,2 , . . . , pnnn ) of the operation processing times remains digraph Gs (p) optimal? Let |Q| = q and Rq be the space of all
q-dimensional real vectors p with the maximum metric, i.e., the distance d(p, p0 ) between the
vectors p ∈ Rq and p0 = (p01,1 , p01,2 , . . . , p0nnn ) ∈ Rq is defined as d(p, p0 ) = maxOij ∈Q |pij − p0ij |,
q
where |pij − p0ij | denotes the absolute value of the difference pij − p0ij . Let R+
be space of
q-dimensional non-negative real vectors:
q
R+
= {x = (x1,1 , x1,2 , . . . , xnnn ) : xij ≥ 0, Oij ∈ Q}
q
and schedule s ∈ S be optimal for the problem G//Φ with the vector p ∈ R+
⊂ Rq of the
operation durations.
q
1
Definition 1 A closed ball O% (p) with the radius % ∈ R+
and the center p ∈ R+
in the space
q
of the q-dimensional real vectors R is a stability ball of schedule s ∈ S if for any vector
q
p0 ∈ O% (p) ∩ R+
of the processing times, schedule s remains optimal. The maximum value %s (p)
of the radius % of the stability ball O% (p) of schedule s is the stability radius of schedule s (of
digraph Gs ):
q
1
%s (p) = max{% ∈ R+
: If p0 ∈ O% (p) ∩ R+
, digraph Gs is optimal}.

(3.3)

We denote the stability radius by %s (p) for an arbitrarily given regular criterion Φ. For the
P
criterion Cmax , the stability radius is denoted by %bs (p), and for the criterion Ci by %s (p). In
what follows, we use whenever appropriate the notion “stability radius of an optimal digraph
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Gs ∈ Λ(G)” instead of “stability radius of an optimal schedule s ∈ S”. Due to the maximum
q
1
is a polytope for any positive % ∈ R+
. Definition 1 implies a
metric, the set O% (p) ∩ R+
general approach for calculating %s (p), which is discussed in this subsection for any given
P
regular criterion Φ and in Subsection 3.3 and in Subsection 3.4 for Φ = Cmax and for Φ = Ci ,
respectively.
The calculation of the stability radius %s (p) is reduced to the solution of a non-linear programming problem. We give this reduction for the problem G//Φ provided that the set of all
operations Q = {O1,1 , O1,2 , . . . , Onnn } is partitioned into n linearly ordered subsets of the operations QJi defining the machine routes of the jobs Ji ∈ J. We denote by {µ} the set of vertices
P
that form a path µ in the digraph Gk and by lp (µ) the weight of this path: lp (µ) = Oij ∈{µ} pij .
Let H̃ki denote the set of all paths in the digraph Gk = (Q, A ∪ Ek , ∅) ∈ Λ(G) ending in the
last operation Oiin of job Ji . The completion time Ci (k) = ciin (k) of the job Ji in a semiactive
schedule k ∈ S is equal to the value maxµ∈H̃ i lp (µ) of the largest weight of a path in the set
k

H̃ki . While calculating ciin (k), Ji ∈ J, it is sufficient to consider a subset of the set H̃ki due to
the following dominance relation.
Definition 2 The path µ ∈ H̃si is dominant if there is no path ν ∈ H̃si such that {µ} ⊂ {ν}.
Otherwise, if {µ} ⊂ {ν}, path µ is dominated by path ν.
The dominance relation given in Definition 2 is a strict order. Let Hki denote the set of all
dominant paths in the set H̃ki . Since pij ≥ 0 for any operation Oij ∈ Q, we obtain Ci (k) =
ciin (k) = maxµ∈Hki lp (µ). The objective function value Φ(C1 , C2 , . . . , Cn ) for the semiactive
schedule s = (c1,1 (s), c1,2 (s), . . . , cnnn (s)) ∈ S may be calculated as follows:
Φ(max1 lp (µ), max2 lp (µ), . . . , maxn lp (µ)).
µ∈Hs

µ∈Hs

µ∈Hs

Therefore: The semiactive schedule s = (c1,1 (s), c1,2 (s), . . . , cnnn (s)) ∈ S is optimal for problem
G//Φ with a regular criterion Φ if and only if
Φ(max1 lp (µ), . . . , maxn lp (µ)) =
µ∈Hs

µ∈Hs

min Φ(max1 lp (ν), . . . , maxn lp (ν)).

k=1,2,...,λ

ν∈Hk

ν∈Hk

(3.4)

We denote
Φps = Φ(max1 lp (µ), . . . , maxn lp (µ)).
µ∈Hs

µ∈Hs

Φ

Let the subset S (p) of the set S denote the set of all optimal semiactive schedules for the
q
problem G//Φ with the vector p = (p1,1 , p1,2 , . . . , pnnn ) ∈ R+
of the operation durations and let
the inclusion s ∈ S Φ (p) hold. Due to Definition 1, the stability radius %s (p) may be defined as
follows:
q
%s (p) = inf{d(p, x) : x ∈ R+
,s ∈
/ S Φ (x)}.
(3.5)
While equality (3.3) defines the stability radius %s (p) as the maximal real number, which may
be a radius of a stability ball O% (p), equality (3.5) defines the value of %s (p) as the infimum
of the non-negative real numbers that cannot be a radius of a stability ball O% (p). From
(3.5), it follows that, in order to calculate the stability radius %s (p), it is sufficient to calculate
the optimal value of the objective function f (x1,1 , x1,2 , . . . , xnnn ) of the following non-linear
programming problem:
Minimize f (x1,1 , x1,2 , . . . , xnnn ) = max |xij − pij |
Oij ∈Q
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(3.6)

subject to Φxs > min{Φxk : k = 1, 2, . . . , λ; k 6= s};
xij ≥ 0,

Oij ∈ Q.

(3.7)
(3.8)

q
, then the digraph Gs (p)
If condition (3.7) is not satisfied for any non-negative vector x ∈ R+
q
Φ
q
is optimal for all vectors x ∈ R+ : s ∈ S (x), x ∈ R , and we obtain

(

Φxs ≤ min{Φxk : k = 1, 2, . . . , λ; k 6= s},
xij ≥ 0, Oij ∈ Q.

In this case, we say that the stability radius %s (p) is infinitely large. To indicate that the
stability radius is infinitely large we write: %s (p) = ∞.
In all other cases, there exists an optimal value f ∗ of the objective function of problem (3.6) –
(3.8):
f ∗ = inf max |xij − pij |,
Oij ∈Q

where the infimum is taken over all vectors x satisfying conditions (3.7) and (3.8). To find
the value f ∗ , it is sufficient to calculate a solution x0 = (x01,1 , x01,2 , . . . , x0nnn ) of the non-linear
programming problem that is obtained from problem (3.6) – (3.8) due to the replacement of
the sign > in inequality (3.7) by the sign ≥. The equalities
f ∗ = max |x0ij − pij | = d(x0 , p) = %s (p)
Oij ∈Q

q
such that
hold. For any small  > 0, there exists a vector x = (x1,1 , x1,2 , . . . , xnnn ) ∈ R+

Φ 
d(x , p) = %s (p) +  and s 6∈ S (x ). It may occur that the given vector p is itself a solution
to the non-linear programming problem (3.6) – (3.8) with the sign ≥ in inequality (3.7). In
the latter case, the equalities %s (p) = d(p, p) = 0 hold, and it means that the optimality of the
q
digraph Gs (p) is unstable: For any small real  > 0, there exists a vector p0 ∈ R+
such that
Φ 0
0
s 6∈ S (p ) and d(p, p ) = . In this case, we say that the optimal digraph Gs (p) is unstable. If
the given vector p is not a solution of such a problem, we have the strict inequality %s (p) > 0.
In this case, the optimal digraph Gs (p) is stable.

3.3

Maximum flow time (makespan)

The best studied case of the shop-scheduling problem G//Φ is the one with Φ = Cmax , where
the objective is to find a makespan optimal schedule, i.e., to find a schedule
s = (c1n1 (s), c2n2 (s), . . . , cnnn (s))
with a minimum value of the maximum flow time max{cini (s) : Ji ∈ J}. Let H̃k (H̃, respectively) be the set of all paths in the digraph Gk (p) ∈ Λ(G) (in the digraph (Q, A, ∅)) constructed
for the general shop problem G//Cmax . Let H and Hk denote the set of all dominant paths in
the digraph (Q, A, ∅) and in the digraph Gk ∈ Λ(G), respectively (see Definition 2). Thus, we
can write Hk = {ν ∈ H̃k : Inclusion {ν} ⊂ {µ} does not hold for any path µ ∈ H̃k }. The set
H ⊆ H̃ is defined similarly. The value of maxni=1 Ci of a schedule s is given by the weight of a
maximum-weight path (a critical path) in the weighted digraph Gs (p). Obviously, at least one
critical path in Gs (p) is dominant and for any path µ ∈ H, there exists a path ν ∈ Hs such that
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either ν dominates path µ or the inclusion µ ∈ Hs holds. The equality (3.4) for the problem
G//Cmax is converted into the following one:
max lp (µ) =
µ∈Hs

min

k=1,2,...,λ

max lp (ν).

ν∈Hk

(3.9)

Therefore: The schedule s = (c1 (s), c2 (s), . . . , cq (s)) ∈ S is optimal for the problem G//Cmax if
and only if equality (3.9) holds.
Let Hk (p) denote the set of all critical dominant paths in the digraph Gk (p).
Lemma 3 There exists a real  > 0 such that the set Hk \Hk (p) contains no critical path of the
q
,
digraph Gk ∈ P (G) for any vector of the processing times p = (p1,1 , p1,2 , . . . , pnnn ) ∈ O (p)∩R+

i.e., Hk (p ) ⊆ Hk (p).
Theorem 1 For an optimal schedule s ∈ S Φ (p), Φ = Cmax , of the problem G//Cmax , the
equality %bs (p) = 0 holds if and only if there exist another optimal schedule k ∈ S Φ (p), k 6= s,
and a path µ∗ ∈ Hs (p) such that there is no a path ν ∗ ∈ Hk (p) with {µ∗ } ⊆ {ν ∗ }.
Since the condition of Theorem 1 is violated when Hs (p) ⊆ H, we obtain
Corollary 1 If s is an optimal schedule for the problem G//Cmax and Hs (p) ⊆ H, then
%bs (p) > 0.
For the following corollary from Theorem 1, it is not necessary to know the set Hs (p).
Corollary 2 If s is a unique optimal schedule for the problem G//Cmax , then %bs (p) > 0.
A characterization of an infinitely large stability radius is given by the following
Theorem 2 For an optimal schedule s ∈ S Φ (p), Φ = Cmax , of the problem G//Cmax , the
stability radius %bs (p) is infinitely large if and only if for any path µ ∈ Hs \H and for any
digraph Gt (p) ∈ Λ(G), there exists a path ν ∈ Ht such that {µ} ⊆ {ν}.
Corollary 3 If %bs (p) < ∞, then %bs (p) ≤ maxOij ∈Q pij .
Due to Theorem 2, one can identify a general shop problem G//Cmax whose optimal schedule
is implied only by the precedence constraints given on the set of operations Q and by the given
distribution of the operations Q to the machines M , but it is independent of the processing
q
times p ∈ R+
. Because of the generality of the problem G//Cmax , it is practically difficult
to check the condition of Theorem 2. However, for a job shop problem J //Cmax , there are
necessary and sufficient conditions for %bs (p) = ∞, which can be verified in O(q 2 ) time. To
present the latter conditions, we need the following notations. Let Ak (Bk , respectively) be
the set of all operations Oij ∈ Q such that Oij → Ouv (Ouv → Oij ) and Ouv ∈ Qk , Oij 6∈ Qk :
Ak = {Oij : Oij → Ouv , Oij ∈ Q ∩ Qk , Ouv ∈ Qk }; Bk = {Ouv : Oij → Ouv , Ouv ∈
Q ∩ Qk , Oij ∈ Qk }. For the operation set B, let n(B) denote the number of jobs in the set J
having at least one operation in the set B.
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Theorem 3 For the problem J //Cmax , there exists an optimal digraph Gs (p) with an infinitely
large stability radius if and only if both the following conditions hold:
(1) The inequality max{|Ak |, |Bk |} ≤ 1 holds for any machine Mk with n(Qk ) > 1;
(2) If there exist two operations Ogh ∈ Ak and Oab ∈ Bk of job Jl , then there exists a path from
vertex Oab to vertex Ogh in the digraph (Q, A, ∅) (possibly Oab = Ogh ).
From Theorem 3, it follows that there are job shop problems J //Cmax with an optimal schedule
having an infinitely large stability radius for any given n and m. Testing the condition of
Theorem 3 takes O(q 2 ) time. Note that for a flow shop problem, such a schedule can exist only
if n or m is equal to 1. Indeed, for the problem F//Cmax , we have n(Ak ) > 1 for any machine
Mk with k ≥ 2 provided that n ≥ 2 and m ≥ 2.
Corollary 4 For the problem F//Cmax with n ≥ 2 and m ≥ 2, the inequality %bs (p) > 0 holds.
There does not exist an optimal schedule s with %s (p) = ∞ for a problem J //Φ with other
regular criteria Φ presented in [58]. For calculating the stability radius %bs (p), one can consider
the operations of the set {ν} \ {µ} in non-decreasing order of their processing times. Let pνµ
(0) be
νµ
νµ
νµ
equal to zero and let (p(0) , p(1) , . . . , p(ωνµ ) ) denote a non-decreasing sequence of the processing
times of the operations from the set {ν} \ {µ}, where wνµ = |{ν} \ {µ}|.
Theorem 4 If Gs is an optimal digraph for the problem G//Cmax , s ∈ S Φ (p), Φ = Cmax , and
the inequality %bs (p) < ∞ holds, then
%bs (p) =
rbks = min

µ∈Hsk

max

ν∈Hk , lp (ν)≥lsp

min

k=1,2,...,λ;k6=s

rbks , where
lp (ν) − lp (µ) −

max

β=0,1,...,wνµ

(3.10)
Pβ

α=0

pνµ
(α)

|{µ} ∪ {ν}| − |{µ} ∩ {ν}| − β

.

(3.11)

Equalities (3.10) and (3.11) mean that one has to compare an optimal digraph Gs (p) with other
feasible digraphs Gk (p). Note that the formulas in Theorem 4 turn into %bs (p) = ∞ if Hsk = ∅
for any k = 1, 2, . . . , λ, k 6= s (Theorem 2). Moreover, if only a subset of the processing
times (say, P ⊆ {p1,1 , p1,2 , . . . , pnnn }) can be changed but the other ones cannot be changed,
Theorem 4 remains valid provided that the difference |{µ} ∪ {ν}| − |{µ} ∩ {ν}| is replaced by
|{{µ} ∪ {ν}} ∩ P | − |{{µ} ∩ {ν}} ∩ P | in equality (3.11).
3.4

Mean flow time minimization

In this subsection, we consider the stability radius %s (p) of an optimal schedule for the problem
P
P
P
G// Ci with the criterion Ci . If Φ = Ci , the conditions (3.4) and (3.5) for the general
shop problem G//Φ are converted into the following ones:
n
X
i=1

n

maxi lp (µ) =
µ∈Hs

%s (p) = inf d(p, x) : x ∈

q
R+
,

n
X
i=1

min

k=1,2,...,λ

x

n
X

maxi l (µ) >
µ∈Hs
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max lp (ν),

i
i=1 ν∈Hk

min

k=1,2,...,λ; k6=s

n
X

o

maxi lx (ν) .

i=1 ν∈Hk

Let Ωuk be a set of representatives of the family of sets (Hki )1≤i≤n . More precisely, the set Ωuk
includes exactly one path from each set Hki , 1 ≤ i ≤ n. Since HkiQ∩ Hkj = ∅ for each pair
of different jobs Ji and Jj , we have |Ωuk | = n and there exist ωk = ni=1 |Hki | different sets of
representatives for each digraph Gk , namely: Ω1k , Ω2k , . . . , Ωωk k . For each set Ωuk , we can calculate
the integer vector
n(Ωuk ) = (ni1 ,j1 (Ωuk ), ni2 ,j2 (Ωuk ), . . . , niq ,jq (Ωuk )),
where for each operation Oid ,jd ∈ Q = {Oi1 ,j1 , Oi2 ,j2 , ..., Oiq ,jq }, the number nid ,jd (Ωuk ) is equal
to the number of paths in the set Ωuk , which include the vertex Oid ,jd . Since a path ν ∈ Hki
includes any vertex Oid ,jd ∈ Q at most once, the value nid ,jd (Ωuk ) is equal to the number of
copies of the vertex Oid ,jd contained in the multiset {{ν} : ν ∈ Ωuk }.
Let the set of operations Q be ordered in the following way:
Oi1 ji , Oi2 j2 , . . . , Oim jm , Oim+1 jm+1 , . . . , Oiq jq ,

(3.12)

where niα jα (Ωuk ) ≤ niα jα (Ωvs ) for each α = 1, 2, . . . , m and niα jα (Ωuk ) > niα jα (Ωvs ) for each
α = m + 1, m + 2, . . . , q. For the sequence (3.12), the inequalities
pim+1 jm+1 ≤ pim+2 jm+2 ≤ . . . ≤ piq jq
have to be satisfied. Using the sequence of operations (3.12), we can present the following
formula for calculating %s (p).
Theorem 5 If Gs is an optimal digraph for the problem G//
%s (p) =

min

k=1,2,...,λ;k6=s

P

Ci , then

rks , where

(3.13)

Pm+β

rks = vmin

Ωs ∈Ωs,k

max

u=1,2,...,ωk

v
u
α=1 piα jα |niα jα (Ωk ) − niα jα (Ωs )|
.
Pm+β
u
v )|
(Ω
)
−
n
(Ω
|n
i
j
i
j
α=1
α α
α α
s
k

max

β=0,1,...,q−m

(3.14)

If only a subset of the processing times can be changed but the other ones cannot be changed,
formulas similar to (3.13) and (3.14) can be derived (see the remark after Theorem 4). Next,
we consider the case of %s (p) = 0. Similarly to the notions of a critical path and a critical
weight, which is important for the problem G//Cmax (see Section 3.3), we introduce the notions
P
∗
of a critical set of paths Ωuk and a critical sum of weights for the problem G// Ci . The set
∗
Ωuk , u∗ ∈ {1, 2, . . . , ωk }, is called a critical set if the value of the objective function
Lpk =

X

max

u∈{1,2,...,ωk }

lp (ν)

ν∈Ωu
k

for the weighted digraph Gk (p) is reached on this set:
lp (ν) =

X
∗

ν∈Ωu
k

max

u∈{1,2,...,ωk }

X

lp (ν) = Lpk .

ν∈Ωu
k
∗

The value Lpk is the critical sum of weights for the digraph Gk (p). A critical set Ωuk may
include a path ν ∈ Hki , i = 1, 2, . . . , n, if and only if lp (ν) = maxµ∈Hki lp (µ) and so for difq
ferent vectors p ∈ R+
of the processing times, different sets Ωuk , u ∈ {1, 2, . . . , ωk }, may be
∗
critical. Let Ωk (p) denote the set of all critical sets Ωuk of the digraph Gk (p) for the vector
q
p = (p1,1 , p1,2 , . . . , pnnn ) ∈ R+
and let Ωk denote the set {Ωuk : u = 1, 2, . . . , ωk }.
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Lemma 4 There exists a real number  > 0 such that the set Ωk \Ωk (p) contains no critical set
q
.
of the digraph Gk (p) ∈ Λ(G) for any processing time vector p0 ∈ O (p) ∩ R+
The next claims define necessary and sufficient conditions for the equality %s (p) = 0.
Theorem 6 Let Gs be an optimal digraph for the problem G// Ci with positive processing
times pij > 0 of all operations Oij ∈ Q. The equality %s (p) = 0 holds if and only if the following
three conditions hold:
P

(a) There exists another optimal schedule k ∈ S Φ (p), Φ =
v∗

P

Ci , k 6= s;

u∗

(b) There exists a set Ωs ∈ Ωs (p) such that for any set Ωk ∈ Ωk (p), there exists an operation
∗
∗
Oij ∈ Q for which condition nij (Ωvs ) ≥ nij (Ωuk ), Ωuk ∈ Ωk (p), holds (or condition nij (Ωvs ) ≤
nij (Ωuk ), Ωuk ∈ Ωk (p), holds);
(c) At least one of the above non-strict inequalities in (a) or (b) is satisfied as a strict inequality
∗
for the set Ωuk .
Corollary 5 If s ∈ S is a unique optimal schedule for the problem G//
Theorem 7 If s ∈ S is an optimal schedule for the problem G//
for at least one operation Oij ∈ Q, then %s (p) ≤ maxOij ∈Q pij .
Remark 2 As follows from Theorem 7, the problem J //
optimal schedule with an infinitely large stability radius.
3.5

P

P

P

Ci , then %s (p) > 0.

Ci with λ > 1 and pij > 0

Ci with λ > 1 cannot have an

Notes and references

Next, we present some references, where the results of this section have been obtained and
discuss different aspects of a stability analysis for scheduling problems. Surveys on stability
analysis in sequencing and scheduling were given in [22, 43, 44, 97, 103, 104, 109, 114, 124, 125,
126, 127]. An annotated bibliography for a stability analysis in programming and optimization
was given in [39, 40]. This section was based on the definition of the stability radius of an
optimal schedule being introduced in [6, 92, 93, 94, 98, 106]. Any shop-scheduling problem
with a regular criterion and forbidden operation preemptions can be represented as an extremal
problem on a mixed (disjunctive) graph [1, 15, 58, 80, 85, 101, 102, 133, 136]. As it was proven
in [34], the set of semiactive schedules contains at least one optimal schedule provided that
the criterion is regular. It should also be noted that such a digraph is more stable than the
corresponding schedule with respect to variations of the job processing times. The advantage of
studying the stability of an optimal digraph instead of the stability of an optimal schedule was
justified in Subsection 3.2. For this reason, the mixed graph model (described in Subsection
3.1) was used for the shop-scheduling problems considered in this survey.
The papers [10, 53, 57, 98, 123] were devoted to the stability of an optimal digraph Gs (p),
which represents an optimal solution to the problem G//Φ. Subsection 3.2 was based on the
papers [93, 98]. In [98], the calculation of the stability radius %s (p) of an optimal schedule s was
reduced to a non-linear programming problem. Formulas for calculating the stability radius of
an optimal schedule with the Cmax criterion and the characterization of the extreme values of
%bs (p) were proven in [98]; see Subsection 3.3.
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The same questions for the mean flow time criterion were investigated in [10]. Necessary and
sufficient conditions for the equality %bs (p) = 0 and the characterization of an infinitely large
stability radius were proven in [98]. In [52, 53], it was shown that for the problem J //Cmax ,
there exist necessary and sufficient conditions for %bs (p) = ∞ which can be verified in O(q 2 )
time. In [53], the analogies to Theorems 2 and 3 for the job shop problem J //Lmax with
minimizing maximum lateness (with respect to the due dates given for the jobs Ji ∈ J) were
proven. It was also shown that there does not exist an optimal schedule s with %s (p) = ∞ for
all other regular criteria (see [58]) that are considered in scheduling theory. The extreme values
of %s (p) were studied in [10, 125]. Necessary and sufficient conditions for the equality %s (p) = 0
were derived in [10]; see Subsection 3.4. The stability of an optimal schedule for a job-shop
problem with two jobs was investigated in [118, 119], where polynomial geometric algorithms
developed in [2, 14, 42, 91, 95, 134] were used. In [75], the stability of an optimal schedule for
the two-machine flow shop problem with the makespan criterion was considered.
Note that it is often more complicated to analyze Ci than Cmax , e.g., the two-machine problems F2//Cmax , J 2/ni ≤ 2/Cmax and O2//Cmax are polynomially
solvableP(i.e., there exist
P
polynomial-time algorithms for them) but the problems F2// Ci and O2// Ci are NP-hard
(see, e.g., [58, 136]), which means that up to now, there do not exist efficient (polynomial-time)
algorithms for their solution and moreover, the construction of a polynomial-time algorithm for
at least one of them in the future is unlikely.
P

In this section, we considered the main stability analysis question: What are the limits to the
processing time changes such that the schedule at hand remains optimal? Of course, other
numerical parameters of a practical scheduling problem may also be changeable. It is easy to
see that, due to the generality of the mixed graph model with any regular criterion considered
in Subsection 3.1, one can analyze other changeable parameters (like release times, due dates,
deadlines, job weights, setup and removal times, etc.) in terms of the mixed graph G. (E.g., the
introduction of a dummy operation in G which proceeds the first operation of a job allows one to
consider the processing time of this dummy operation as a release time of this job.) Nevertheless,
for simplicity in what follows, we shall continue to consider the operation durations as the only
changeable parameters. It is assumed that all the processing times are simultaneously and
independently changeable. In order to study specific changes of different numerical parameters
(e.g., the case when only one parameter is changeable) in Section 4, we introduce and study
the more general notion of the so-called relative stability radius.
Two other sensitivity analysis questions are both of theoretical and practical importance (see
[41]). Given a specific change of one numerical parameter of a scheduling problem, what is the
new optimal value of the objective function? Answering this question identifies the effect of
parameter changes on the objective function value. This answer is a solution to the evaluation
version of a scheduling problem, while an answer to the following classical sensitivity analysis
question is a solution to the optimization version of a scheduling problem: Given a specific
change of a numerical parameter, what is the new optimal schedule? It is obvious that a
solution to the latter question (which is a subject of Sections 2 and 3) implies a solution to
the former question, however, the converse is not true. Regarding the latter question, how a
schedule changes may be of interest. Similarly, as for the stability radius, both these questions
may be used when several numerical parameters of a scheduling problem change simultaneously.
In Section 4, we consider the problem G/aij ≤ pij ≤ bij /Φ the solution of which gives an answer
to all the above sensitivity analysis questions.
Decision-makers often consider multiple objectives when making scheduling decisions. However,
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very little research has been done in multiple machine environments with multiple objectives.
Various aspects of the stability of vector discrete optimization problems were studied in the
papers [29, 30, 31] and in many other papers written by V.A. Emelichev et al. In these papers
and in many other papers, the stability of a vector discrete optimization problem was considered
as a discrete analogy of the property of an optimal mapping specifying the Pareto choice function
being upper semi-continuous in the Hausdorf sense, i.e., there exists a neighborhood in the space
of the initial parameters such that new Pareto optima are impossible to arise inside it. This
stability approach was initiated by V.K. Leontev [64, 65].

4

General shop with interval processing times

This section deals with general shop and job shop problems with the objective to minimize the
makespan or mean flow time provided that the numerical input data are uncertain. To be more
specific, we consider the problem G/aij ≤ pij ≤ bij /Φ and the problem J /aij ≤ pij ≤ bij /Φ. The
‘strategy’ of the stability approach is to separate the ‘structural’ input data from the ‘numerical’
input data. The precedence and capacity constraints (i.e., the structural input data) are given
by the mixed graph G, which completely defines the set of semiactive schedules. The set of
optimal semiactive schedules is defined by the weighted mixed graph G(p) which presents both
the structural and numerical input data. In Subsection 4.1, we define a solution of the problem
G/aij ≤ pij ≤ bij /Φ as a minimal dominant set Λ∗ (G): For any fixed vector p of the processing
times with the components pij in the segments [aij , bij ], Oij ∈ Q, there exists at least one
optimal digraph in the set Λ∗ (G). Subsection 4.2 deals with the mathematical background
for later presentations. In Subsection 4.3, we present the main formulas and an algorithm for
solving the problem G/aij ≤ pij ≤ bij /Cmax . In Subsections 4.1 – 4.3, we present an approach
to deal with the problem G/aij ≤ pij ≤ bij /Cmax based on an improved stability analysis of an
optimal schedule. In the course of this section, an optimal schedule (digraph), a better and a
P
best schedule (digraph) are considered with respect to the criterion Cmax or Ci .
4.1

Minimal dominant set (MDS)

Let the input data of a general shop scheduling problem be presented by a mixed graph
G = (Q, A, E) introduced in Section 3.1. It is worthwhile to note that the feasibility of
a schedule s and that of a weighted digraph Gs (p) ∈ Λ(G)) are independent of the vector
p = (p1,1 , p1,2 , . . . , pnnn ) of the processing times, while the optimality of a weighted digraph
Gs (p) depends on the vector p. Actually, the set Λ(G) = {G1 , G2 , . . . , Gλ } of feasible digraphs
is completely defined by the mixed graph G = (Q, A, E) (without the weights p) while the
information on the vector p of the processing times is needed to determine whether a schedule
k ∈ S is optimal or not.
If the processing time vector p is not known before scheduling, different schedule realizations
may result in different critical paths in the digraph Gs (p). For practical problems, the cardinality λ of the set Λ(G) may be huge. However, one need to consider only a subset B of the
set Λ(G) : B ⊆ Λ(G). Since pij ≥ 0 for all Oij ∈ Q, we obtain maxOij ∈Q cij (s) = maxµ∈Hs lp (µ)
and from equality (3.9), it follows that the digraph Gs (p) has the minimal critical weight within
the set B ⊆ Λ(G) if and only if
max lp (µ) = min max lp (ν).
µ∈Hs

Gk ∈B

18

ν∈Hk

(4.1)

For the case B = Λ(G), the equality (4.1) provides an optimality criterion for a schedule s ∈ S
(if p is fixed). The problem G//Cmax is a special case of the problem G/aij ≤ pij ≤ bij /Cmax .
We call the problem G/aij ≤ pij ≤ bij /Cmax uncertain in contrast to the problem G//Cmax called
deterministic.
The stability approach for solving the uncertain problem G/aij ≤ pij ≤ bij /Cmax is based on an
improved stability analysis of an optimal digraph. As follows from Section 3, an optimal digraph
Gs ∈ Λ(G) provides a solution of the deterministic problem G//Cmax . Since the vector p ∈ T
of processing times is unknown in the uncertain problem G/aij ≤ pij ≤ bij /Φ, the completion
time of the jobs Ji ∈ J cannot be calculated before scheduling. Therefore, mathematically, the
uncertain problem G/aij ≤ pij ≤ bij /Φ is not correct.
In the OR literature, different approaches for correcting an uncertain problem like G/aij ≤ pij ≤
bij /Φ have been used. In particular, an additional criterion of minimizing the maximal regret is
introduced to make the uncertain problem G/aij ≤ pij ≤ bij /Φ correct in the robust approach. In
this section, another approach is proposed for solving the uncertain problem G/aij ≤ pij ≤ bij /Φ.
The proposed approach is based on a minimal dominant set of schedules (digraphs), which may
be considered as a solution to such an uncertain problem.
Definition 3 A set of digraphs Λ∗ (G) ⊆ Λ(G) is called a dominant set of the problem G/aij ≤
pij ≤ bij /Φ if for each fixed vector p ∈ T of the processing times the set Λ∗ (G) contains at least
one optimal digraph. If any proper subset of the set Λ∗ (G) is no longer a dominant set of the
problem G/aij ≤ pij ≤ bij /Φ, it is a minimal dominant set ΛT (G), which is called a G-solution
for the above uncertain problem.
To find a G-solution for the problem G/ai ≤ pi ≤ bi /Cmax , we need to determine the largest ball
within which digraph Gs is ‘the best’ for a subset B of the set Λ(G). In Subsection 4.2, we
propose another definition (more general than Definition 1) of the stability radius (this stability
radius %bB
s (p ∈ T ) is called relative). The relative stability radius is used for solving the problem
G/aij ≤ pij ≤ bij /Cmax in the sense of Definition 3. The formulas (3.10) and (3.11) being valid
for the case of calculating the stability radius with 0 ≤ pij < ∞, Oij ∈ Q, are generalized to
the case when the variations of the processing times are restricted by lower and upper bounds
(as in Condition 5) and some feasible digraphs have to be excluded from the comparisons with
‘the best’ one.
4.2

Relative stability radius

In Section 3, the stability radius %bs (p) of an optimal digraph Gs has been investigated which
denotes the largest quantity of independent variations of the processing times pij of the operations Oij ∈ Q within the interval [0, ∞) such that the digraph Gs remains ‘the best’ (i.e.,
the weighted digraph Gs (p) has the minimal critical weight) among all feasible digraphs Λ(G)
(see Definition 1). The following generalization of the stability radius %bs (p) (we call it relative
stability radius) is defined by considering the closed interval [aij , bij ] instead of [0, ∞) and considering a set B ⊆ Λ(G) instead of the whole set Λ(G). In Definition 4, lsp denotes the critical
weight of the weighted digraph Gs (p), p ∈ T .
0

Definition 4 Let the digraph Gs ∈ B ⊆ Λ(G) have the minimal critical weight lsp for each
0
0
vector p0 ∈ O% (p) ∩ T among all digraphs from the given set B: lsp = min{lkp : Gk ∈ B}. The
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maximal value of the radius % of such a ball O% (p) is denoted by %bB
s (p ∈ T ) and is called the
relative stability radius of the digraph Gs with respect to polytope T .
Note that the relativity of %bB
s (p ∈ T ) is defined not only by the polytope T of feasible vectors,
but also by the set B of feasible digraphs. From Definition 1 and Definition 4, it follows:
q
). Thus, the relative stability radius is equal to the maximal error of the
%bs (p) = %bΛ(G)
(p ∈ R+
s
given processing times pij (aij ≤ pij ≤ bij , Oij ∈ Q) within which the ‘superiority’ of the
digraph Gs is still preserved over the given subset B of feasible digraphs. The following two
extreme cases of the relative stability radius are of particular importance for solving problem
G/ai ≤ pi ≤ bi /Cmax . On the one hand, if for any positive real number  > 0 which may be as
0
0
small as desired, there exist a vector p0 ∈ O (p) ∩ T and a digraph Gk ∈ B such that lsp > lkp ,
p0
p0
we obtain a zero relative stability radius: %bB
s (p ∈ T ) = 0. On the other hand, if ls ≤ lk for
any vector p0 ∈ T and for any digraph Gk ∈ B, we obtain an infinitely large relative stability
radius: %bB
s (p ∈ T ) = ∞. Note that even in the case of finite upper bonds (bi < ∞, i ∈ Q), i.e.,
when the maximal error of the processing time pi for each operation i ∈ Q is restricted by
max = max{{pij − aij , bij − pij } : Oij ∈ Q},

(4.2)

the value of %bB
s (p ∈ T ) may be infinitely large as it follows from Definition 4. The deterministic
problem G//Cmax with the vector p of processing times and the optimal digraph Gs provides
such a trivial example with an infinitely large relative stability radius %bB
s (p ∈ T ). Indeed,
if ai = pi = bi for each operation i ∈ Q, then the polytope T degenerates into a single
point: T = {p} and therefore, from the inclusion p0 ∈ O% (p) ∩ T , it follows that the vector p0
mentioned in Definition 4 is definitely equal to vector p, for which the digraph Gs is optimal.
To characterize the extreme values of %bB
s (p ∈ T ), we define the following binary relation which
generalizes the dominance relation used in Section 3.
Definition 5 The path ν dominates the path µ in the set T if and only if for any vector
x = (x1,1 , x1,2 , . . . , xnnn ) ∈ T the following inequality holds:
lx (µ) ≤ lx (ν).

(4.3)

The following lemma gives a criterion for the above dominance relation.
Lemma 5 The path ν dominates the path µ in the set T if and only if the following inequality
holds:
X
X
bij ≤
auv .
(4.4)
Oij ∈[µ]\[ν]

Ouv ∈[ν]\[µ]

Definition 6 The set of paths Hk dominates the set of paths Hs in T if and only if for any
path µ ∈ Hs , there exists a path ν ∈ Hk , which dominates the path µ in the set T.
Lemma 6 gives a condition when a domination does not hold.
Lemma 6 The set of paths Hk does not dominate the set of paths Hs in T if there exists a
path µ ∈ Hs such that the system
( P

P

aij < Ouv ∈[µ]\[ν] buv ,
aij ≤ xij ≤ bij , Oij ∈ Q,
Oij ∈[ν]\[µ]

has a solution for any path ν ∈ Hk .
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q
of the processing times.
If Hk = Hk (p), we have Hk (p0 ) ⊆ Hk = Hk (p) for any vector p0 ∈ R+
The following lemma shows that the set of critical paths is not expanded for small variations
of the processing times.
q
Lemma 7 If Hk 6= Hk (p), the inclusion Hk (p0 ) ⊆ Hk (p) holds for any vector p0 ∈ O (p) ∩ R+
with the real number k >  > 0 defined as follows:

k =

i
1hp
lk − max{lp (ν) : ν ∈ Hk \ Hk (p)} .
q

Theorem 8 Let the digraph Gs have the minimal critical weight lsp , p ∈ T, within the given
subset B ⊆ Λ(G) of feasible digraphs. Then equality %bB
s (p ∈ T ) = 0 holds if and only if there
exists a digraph Gk ∈ B such that lsp = lkp , k 6= s, and the set of paths Hk (p) does not dominate
the set of paths Hs (p) in T .
Corollary 6 If Gs ∈ B is the unique optimal digraph for the vector p ∈ T of processing times,
then %bB
s (p ∈ T ) > 0.
Theorem 8 identifies a digraph Gs ∈ Λ(G) whose ‘superiority’ within the set B is unstable: Even
a very small change in the processing times can make another digraph from the set B to be
‘better’ than Gs . The following theorem identifies a digraph Gs whose ‘superiority’ within the
set B in the polytope T is ‘absolute’: Any changes of the processing times within the polytope
T cannot make another digraph from the set B to be ‘better’ than the digraph Gs .
Theorem 9 For the digraph Gs ∈ B, %bB
s (p ∈ T ) = ∞ if and only if for any digraph Gt ∈
B, t 6= s, the set of paths Ht dominates the set of paths Hs \ H in T.
bB
Corollary 7 If %bB
s (p ∈ T ) < ∞, then %
s (p ∈ T ) ≤ max , where the value max is calculated
according to (4.2).

In the following subsection, we use Theorem 9 as a stopping rule in the algorithm developed
for solving the problem G/aij ≤ pij ≤ bij /Cmax since the optimality of the digraph Gs ∈ B with
%bB
s (p ∈ T ) = ∞ does not depend on the vector p ∈ T .
4.3

Algorithms for the problem G/aij ≤ pij ≤ bij /Cmax

From Subsections 4.1 and 4.2, it follows that a G-solution for the uncertain problem G/aij ≤
pij ≤ bij /Cmax may be obtained on the basis of a repeated calculation of the relative stability
bB
radii %bB
s (p ∈ T ). Thus, we need formulas for calculating %
s (p ∈ T ). In Subsection 3.3, formulas
q
(3.10) and (3.11) were presented for calculating the stability radius %bs (p) = %bΛ(G)
(p ∈ R+
) (see
s
Theorem 4 on page 14). Theorem 10, which follows, generalizes these formulas for any given
q
subset B ⊆ Λ(G) of feasible digraphs and for any given polytope T ⊆ R+
of feasible vectors of
the processing times. To present the new formulas, we need the following notations. If µ and
ν are paths in the digraphs from the set Λ(G), then [µ] + [ν] denotes the symmetric difference
[µ] ∪ [ν] \ [µ] ∩ [ν] of the sets [µ] and [ν]. We calculate the values ∆ij (µ, ν) equal to bij − pij , if
Oij ∈ [µ] \ [ν], and equal to pij − aij , if Oij ∈ [ν] \ [µ]. Let ∆ij
0 (µ, ν) be equal to zero. We order
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the set of values ∆ij (µ, ν) for the operations Oij from the symmetric difference [µ] + [ν] in the
following way:
i|[µ]+[ν]| j|[µ]+[ν]|
(µ, ν),
(4.5)
∆i11 j1 (µ, ν) ≤ ∆i22 j2 (µ, ν) ≤ . . . ≤ ∆|[µ]+[ν]|
where the subscript k ∈ {1, 2, . . . , [µ] + [ν]} indicates the location of ∆ikk jk (µ, ν) in the sequence
(4.5), and the superscript ik jk indicates the operation Oik jk ∈ [µ] + [ν] for which the value
∆kik jk (µ, ν) is calculated. For any two feasible digraphs Gs and Gk , we introduce the following
set of paths:
Hsk (T ) = {µ ∈ Hs : There is no path ν ∈ Hk which dominates the path µ in the polytope T }.
Theorem 10 If the digraph Gs has the minimal critical weight lsp , p ∈ T, in the given set
B ⊆ Λ(G) of feasible digraphs, then
B
bks
,
%bB
s (p ∈ T ) = min r

(4.6)

Gk ∈B

B
rbks

lp (ν) − lp (µ) − βα=0 ∆iα jα (µ, ν)
max
.
β=0,1,...,|[µ]+[ν]|−1
|[µ] + [ν]| − β
P

=

min

µ∈Hsk (T )

max

ν∈Hk , lp (ν)≥lsp

(4.7)

Remark 3 The formulas (4.6) and (4.7) defined in Theorem 10 turn into %bB
s (p ∈ T ) = ∞ if
Hsk (T ) = ∅ for each digraph Gk ∈ B.
The problem G/aij ≤ pij ≤ bij /Cmax may be solved as follows. Let B denote a subset of feasible
digraphs which contains a G-solution Λ∗ (G) for the problem G/aij ≤ pij ≤ bij /Cmax . On the basis
of the algorithm, which follows, we can expand the set Λ0 ⊆ Λ∗ (G) starting with Λ0 = ∅ and
finishing with Λ0 = Λ∗ (G).
Algorithm SOL Cmax (1)
Input:
Set Λ(G) of feasible digraphs, polytope T of the processing times.
Output: G-solution Λ∗ (G) of the problem G/aij ≤ pij ≤ bij /Cmax .
Step
Step
Step
Step
Step
Step
Step
Step

Step
Step

Find a set B ⊆ Λ(G) such that Λ∗ (G) ⊆ B.
Set Λ0 = ∅.
Fix the vector p of processing times, p ∈ T .
Find an optimal digraph Gs (p) ∈ B for the problem
G//Cmax with the vector p of processing times.
5: Calculate the relative stability radius %bB
s (p ∈ T ).
6: IF %bB
(p
∈
T
)
<
∞
and
B
\
{G
}
=
6
∅
THEN
s
s
BEGIN
7:
Select a digraph Gk (p) ∈ B which is competitive to digraph Gs (p).
8:
Find a vector p∗ ∈ T of the processing times closest to p such that
∗
∗
lsp = lkp and for any small  > 0, there exists a vector p with

lsp > lk and d(p∗ , p ) ≤ .
9:
Set Λ0 := Λ0 ∪ {Gs }, B := B \ {Gs }, s = k; p = p∗ GOTO Step 5
END
10: ELSE Λ∗ (G) = Λ0 ∪ {Gs } STOP

1:
2:
3:
4:
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We substantiate some steps of Algorithm SOL Cmax (1). In Step 1, the determination of the set
B = Λ(G) of all feasible digraphs by an explicit enumeration is possible only for a small number
of edges in the mixed graph G. Using the simple bound (4.8), one can considerably restrict
the number of feasible digraphs, with which a comparison of an optimal digraph Gs has to be
done while calculating the relative stability radius %bB
s (p ∈ T ). For a large cardinality of the
set E, one can use a branch-and-bound algorithm for the construction of the k best digraphs.
In Step 3, we have to fix the processing times as any vector from the set T. For example, we
can use a ‘historical’ vector p of the processing times which helps to simplify Steps 3, 4 or
5. Step 4 may be realized by an explicit enumeration or by an implicit enumeration (e.g., by
a branch-and-bound method) of the feasible digraphs B. In Step 4, we can apply Theorem 8
to guarantee that the selected optimal digraph Gs is stable. If %bB
s (p ∈ T ) = 0, we can take
another optimal digraph (the latter exists due to Theorem 8) which is stable, or we can change
the initial vector p of the processing times. Steps 5, 7, and 8 may be done on the basis of
Theorem 9 or Theorem 10. If %bB
s (p ∈ T ) = ∞, Theorem 9 is used as a ‘stopping rule’ of the
algorithm, otherwise, Theorem 10 is used which is time-consuming. A competitive digraph and
a new vector p∗ of the processing times are calculated in Algorithm SOL Cmax (1) in parallel
with the calculation of the relative stability radius %bB
s (p ∈ T ). Note that a competitive digraph
is not necessarily uniquely determined, and one can take any of them. Steps 5 and 7 are
rather complicated. In Algorithm SOL Cmax (1) we must anew construct a set Hsk (T ) in each
iteration based on a direct comparison of the paths in a new optimal digraph Gs and in each
other digraph Gk from the set B, so it may be very time-consuming.
We present Algorithm SOL Cmax (2), which may be more efficient. This algorithm focuses on
one of the optimal digraphs G1 and on one vector p ∈ T . Let {Γi : i = 1, 2, . . . , I} be the set of
competitive digraphs of the digraph G1 with respect to the set B, where i is a counter of the
current iteration and I is the whole number of iterations.
Algorithm SOL Cmax (2)
Input:
Set Λ(G) of feasible digraphs, polytope T of the processing times.
Output: G-solution Λ∗ (G) of the problem G/aij ≤ pij ≤ bij /Cmax .
Step
Step
Step
Step
Step
Step
Step
Step
Step

Find a set B ⊆ Λ(G) such that Λ∗ (G) ⊆ B.
Set Λ0 = ∅; i = 1 and Γi = ∅.
Fix the vector p of processing times, p ∈ T .
Find an optimal digraph G1 (p) := Gs (p) ∈ B for the problem G//Cmax
with the vector p of processing times.
5: Calculate %bB
1 (p ∈ T ).
B
b
6: IF %1 (p ∈ T ) < ∞ THEN
BEGIN
7:
Select the set of competitive digraphs Γi of the digraph
G1 (p) with respect to the set B.
8:
Set Λ0 := Λ0 ∪ Γi , B := B \ Γi , i := i + 1. GOTO Step 5
END
10: ELSE Λ∗ (G) := Λ0 ∪ {G1 } STOP

1:
2:
3:
4:

Using Algorithm SOL Cmax (2), we construct an increasing sequence of the relative stability
radii %b1 < %b2 < . . . < %bI of the stability balls O%bi (p), i ∈ {1, 2, . . . , I}, with the same center
S
p ∈ T and different sets of feasible digraphs B = Λ(G) \ ij=1 Γj . As a result, we construct a
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sequence of ‘nested sets’ of the competitive digraphs
Γ1 , Γ1

[

Γ2 , . . . ,

I
[

Γi

i=1

of the digraph G1 , where the set {G1 } { Ii=1 Γi } is a G-solution Λ∗ (G) to the scheduling
problem on the mixed graph (Q, A∪E1 , ∅), and G1 is one of the optimal digraphs in the set Λ(G)
for the vector p ∈ T of processing times. The most difficult part of Algorithm SOL Cmax (2) is
to find the stability radius %bB
1 (p ∈ T ) (Step 5 and Step 6) and to find the sets of competitive
digraphs (Step 7). However, one can use the following remark.
S S

Remark 4 It is not necessary to perform Steps 1 - 10 since one can construct a G-solution
Λ∗ (G) in one scan. Namely, from Remark 3, it follows that all digraphs Gk , k 6= 1, for which a
set H1k (T ) 6= ∅ was constructed in Step 5 are united with the optimal digraph G1 and compose
a G-solution:
Λ∗ (G) = {G1 }

[

{

I
[

Γi } = {G1 }

[

{Gk : H1k (T ) 6= ∅}.

i=1

Thus, one can use the software developed for the problems discussed in Section 3 with the
following modification: We add the loop with Steps 6 – 9. An increasing sequence of the relative
stability radii of the stability balls with the same center p ∈ T corresponds to an increasing
B
calculated by (4.7) for the optimal digraph G1 (p) in Step 5. A
sequence of the values rbk1
competitive digraph (or a set of competitive digraphs Γi ) of the digraph G1 (p) is constructed
in one scan as well.
Remark 5 For both algorithms, fixing the initial vector p in Step 3 and the choice of an
optimal digraph Gs (p) in Step 4 (and also in Step 7 for Algorithm SOL Cmax (1)) have a large
influence on the further calculations and the resulting G-solution.
Next, we show how to restrict the number of digraphs Gk (the cardinality of the set B) with
which an optimal digraph Gs has to be compared in the process of the calculation of the relative
stability radius %bB
s (p ∈ T ).
Due to formulas (4.6) on page 22, the calculation of the relative stability radius is reduced to a
complicated calculation on the set of digraphs B ⊆ Λ(G). The main objects for the calculation
of %bB
s (p ∈ T ) are the sets of paths in the digraphs Gk ∈ B. In the worst case, the calculation of
B
%bs (p ∈ T ) implies to have an optimal digraph Gs and to construct all digraphs from the subset
B of the set {G1 , G2 , . . . , Gλ }. In order to restrict the number of digraphs Gk with which a
comparison of the optimal digraph Gs has to be done during the calculation of %bB
s (p ∈ T ), one
B
B
b
can use the upper bound %bB
(p
∈
T
)
≤
r
on
the
relative
stability
radius,
where
rbks
is defined
s
ks
according to formula (4.7) on page 22.
Lemma 8 If %bB
s (p ∈ T ) < ∞ and there exists a digraph Gk ∈ B such that
B
rbks

ltp − lsp
≤
q

(4.8)

for a digraph Gt ∈ B, then it is not necessary to consider the digraph Gt during the calculation
of the relative stability radius %bB
s (p ∈ T ).
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Corollary 8 Let the set B = {Gs = Gi1 , Gi2 , . . . , Gi|B| } be sorted in non-decreasing order of the
objective function values:
lip1 ≤ lip2 ≤ . . . ≤ lip|B| .
If for the currently compared digraph Gik from the set B ⊆ Λ(G), inequality
rbiBk s ≤

lipt − lip1
q

holds for the digraph Git ∈ B with lipk ≤ lipt , then it is possible to exclude the digraphs
Git , Git+1 , . . . , Gi|B| from further considerations during the calculation of the relative stability
radius %bB
s (p ∈ T ).
Using Corollary 8, one can compare the optimal digraph Gs = Gi1 consecutively with the
digraphs Gi2 , Gi3 , . . . , Gi|B| from the set B in non-decreasing order of the objective function
values: lip1 ≤ lip2 ≤ . . . ≤ lip|B| . If for the currently compared digraph Gk = Gir inequality
(4.8) holds, one can exclude the digraphs Gir , Gir+1 , . . . , Gi|B| from further considerations. The
q
(p ∈ R+
), Corollary 8 implies Corollary 9 which allows
bound (4.8) is tight. Since %bs (p) = %bΛ(G)
s
us to restrict the number of feasible digraphs while calculating the stability radius %bs (p) (see
Definition 1 on page 10).
Corollary 9 Let the set Λ(G) = {Gs = Gi1 , Gi2 , . . . , Giλ } be sorted in non-decreasing order of
the objective function values:
lip1 ≤ lip2 ≤ . . . ≤ lipλ .
If for the currently compared digraph Gik from the set Λ(G) = {Gs = Gi1 , Gi2 , . . . , Gik , . . . , Git ,. . .
Giλ }, inequality
lipt − lip1
Λ(G)
rbik s ≤
q
holds for the digraph Git ∈ Λ(G) with lipk ≤ lipt , then it is possible to exclude the digraphs
Git , Git+1 , . . . , Giλ from further considerations during the calculation of the stability radius %bs (p).
4.4

Notes and references

In [79], it was noted that one “source of uncertainty is processing times, which, typically, are
not known in advance. Thus, a good model of a scheduling problem would need to address
these forms of uncertainty.” The results presented in this section were proven and published in
[55, 56, 57, 125, 128, 129, 131]. The proof of the lower bound for %bB
s (p ∈ T ) can be found in [55].
q
The calculation of %bs (p) = %bsΛ(G) (p ∈ R+
) was proposed in [98]. In [123], a bound on the stability
radius was used to restrict the number of digraphs considered for calculating the stability radius
(these results were given in Subsection 2.4). The main results presented in this section were
published in [55, 123]. In [128, 131], an approach for dealing with ‘strict uncertainty’ based
on a stability analysis of an optimal semiactive schedule was generalized to an uncertain job
shop problem with any given regular criterion Φ. Necessary and sufficient conditions for a
P
G-solution of the problem J /aij ≤ pij ≤ bij / Ci were derived in [56]. A theorem proven in [56]
characterizes a single-element G-solution of the problem J /aij ≤ pij ≤ bij /Φ, which is necessarily
P
a minimal G-solution. A similar theorem formulated for the problem J /aij ≤ pij ≤ bij / Ci was
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proven in [55]. Similar theorems and lemmas formulated for the problem J /aij ≤ pij ≤ bij /
were proven in [57].

P

Ci

Since the optimality of a schedule s depends on the critical path in the digraph Gs , we focused
on the set of paths in the digraph Gs which may be critical (see Lemma 7 and Theorem 8).
To restrict the set of paths which may be critical, one can use a dominance relation on the
set of paths (see Definition 2). Although this relation is based only on the structural input
data, its use may considerably reduce the set of paths which may be critical. To deal with
the problem G/aij ≤ pij ≤ bij /Cmax in Subsection 4.2, we generalized the dominance relation
(see Definition 5) due to the numerical input data as well. On the basis of this dominance
relation, we presented a characterization of a zero relative stability radius (Theorem 8) and an
infinite relative stability radius (Theorem 9). In Subsection 4.3, we have given a formula for
calculating the exact value of the relative stability radius (Theorem 10). These results may
be considered as a mathematical background for developing algorithms for solving the problem
G/aij ≤ pij ≤ bij /Cmax .
The network presentation of the structural input data (precedence and capacity constraints)
and a minimal G-solution were discussed in Section 3, where the decision process was presented
as the construction of a set of schedules (digraphs) which dominate other schedules. To solve the
P
problem J /aij ≤ pij ≤ bij / Ci , we developed an approach for calculating the relative stability
radius. In [10], the stability radius %B
s (p ∈ T ) was investigated for the case when B = Λ(G) and
q
the whole space R+ being used instead of the polytope T . Upper bounds for %bB
s (p ∈ T ) and
(p
∈
T
)
were
used
to
restrict
the
number
of
digraphs
compared
with
an
optimal
digraph for
%B
s
calculating the relative stability radii. These bounds were derived for %bs (p) and %s (p) in [123].
Lai and Sotskov [54] used a weighted mixed graph G for representing the input data of a
job shop problem which implies a one-to-one correspondence between the set of semiactive
schedules S and circuit-free digraphs Λ(G). Since the optimality of a schedule s ∈ S for
the makespan criterion depends on the critical path in the corresponding digraph Gs , the
analysis in [54] was focused on the set of paths in Gs ∈ Λ(G) which may be critical. In [54],
the critical path method [23] was modified for constructing a minimal digraph containing only
possible candidates of critical paths. A minimal set of makespan optimal schedules for uncertain
numerical input data was characterized in [54], where an exact and a heuristic algorithm were
developed for problem J /aij ≤ pij ≤ bij /Cmax . Note that the approach developed in [54] is based
on the stability property of a makespan optimal schedule, which was theoretically investigated
in [53, 98, 127] and in some other papers (see [114, 125] with surveys of a stability analysis for
scheduling problems). Briefly, the main issue of the research presented in [54] was to simplify
the digraph Gs due to the existence of two types of dominance relations between its paths;
see Subsection 4.2. A formula for calculating the stability radius of an optimal schedule was
provided in [55] for the job-shop problem J /aij ≤ pij ≤ bij /Cmax . The stability radius of an
optimal schedule was investigated in [53, 123, 127] for the problem J /aij ≤ pij ≤ bij /Cmax and
P
in [10] for the problem J /aij ≤ pij ≤ bij / Ci . In the work of [55], the stability analysis of
a schedule minimizing the total flow time was exploited in a branch-and-bound method for
P
solving the job-shop problem J /aij ≤ pij ≤ bij / Ci .
In the PhD thesis [130], a further step in this direction was performed by focusing on two
types of dominance relations between feasible digraphs (schedules). This
step is useful for
P
shop scheduling problems under ‘strict uncertainty’ with both Cmax and Ci criteria since it
allows one to reduce significantly the number of schedules which are sufficient to be considered
P
as candidates for a G-solution. However, for the Ci criterion, this step seems to be even
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more important since the comparison of digraphs (schedules) with respect to Ci is essentially
more complicated than that for Cmax (see [10, 123]). Note also that, while the simplification
of a feasible digraph Gs may be done in polynomial time [54], to find a G-solution of problem
P
J /aij ≤ pij ≤ bij / Ci or problem J /aij ≤ pij ≤ bij /Cmax is NP-hard. The minimization of a
project network with given bounds of the activity durations was studied in [117]. This approach
seems to be particularly useful when the structural input data are fixed before applying a
scheduling algorithm but the numerical input data are uncertain, especially when a lot of
scheduling problems with the same (or close) structural input data have to be solved.
As follows from [7, 8, 9], a reduction of the digraphs may be essential even for all non-negative
perturbations of the processing times: 0 ≤ pij < ∞. Bräsel et al. [7], Bräsel et al. [8] and
Bräsel and Kleinau [9] introduced the set of so-called ‘irreducible’ schedules for a classical job
shop problem J //Cmax and for an open shop problem O//Cmax : For any processing times, this
set contains at least one optimal schedule. On the basis of computations for n ≤ 3 and m ≤ 7,
it was shown that only a relatively small part of semiactive schedules is irreducible for an open
shop, and this part becomes even relatively smaller when the size of the problem grows. By
computational experiments [7], it was demonstrated that the hardness of a classical job shop
problem essentially depends on the cardinality of the set of irreducible schedules. Using the
above extension of the three-field notation, we can say that the classical job shop problem
J /0 ≤ pij < ∞/Cmax was a subject of [7] and the open shop problem O/0 ≤ pij < ∞/Cmax was
a subject of [7, 9].
We have to emphasize that the random processing times pij , Oij ∈ Q, in the problem G/aij ≤
pij ≤ bij /Φ are due to external forces in contrast to scheduling problems with controllable
processing times, see e.g. [45, 47, 132, 137], where the objective is to choose both the optimal
processing times (which are under the control of a decision-maker) and an optimal schedule
for the chosen processing times. Both of the above parts of a G-solution are supposed to be
arguments in the objective function which is non-decreasing in the job completion times and
non-increasing in the operation processing times. The objective is to choose suitable processing
times in order to minimize a given function trading off between the profits due to the reduction
of the makespan [45, 47, 132, 137] (or mean flow time [137]) and the costs for increasing the
machine speeds.

5

Two-stage scheduling

First, we consider the following two-stage job-shop scheduling problem denoted as J 2/ni ≤
2/Cmax , where ni denotes the number of processing stages. Let a set J of n jobs J = {J1 , J2 , ...,
Jn } have be processed in a job-shop with two different machines M = {M1 , M2 }. Each of the
two machines Mj ∈ M can process a job Ji ∈ J no more than once provided that operation
preemptions are not allowed. Let J12 ⊆ J denote the subset of all jobs with the machine route
(M1 , M2 ) (i.e., job Ji ∈ J12 must be processed on machine M1 ∈ M and then on machine
M2 ∈ M). Let J21 ⊆ J denote the subset of jobs with the opposite machine route (M2 , M1 )
and Jm ⊆ J denote the set of jobs that have to be processed on exactly one machine Mj ∈ M.
We obtain J = J1 ∪ J2 ∪ J12 ∪ J21 and denote nh = |Jh |, where h ∈ {1, 2, 12, 21}. All n jobs
are available for processing from time t = 0. Let Oij denote the operation of the job Ji ∈ J
processed on the machine Mj ∈ M. Let the processing time pij of the operation Oij be fixed
before scheduling. The criterion Cmax under consideration denotes the minimization of the
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schedule length (makespan) defined as follows: Cmax = mins Cmax (s) = mins {max{Cj (s) | Ji ∈
J }}, where Cj (s) denotes the completion time of the job Ji ∈ J in the schedule s. Jackson [46]
proved that the problem J 2/ni ≤ 2/Cmax is polynomially solvable and an optimal schedule for
this problem may be defined by a pair of permutations (π 0 , π 00 ) (we call them a Jackson pair of
permutations [48]), where π 0 is the sequence of the jobs J1 ∪ J12 ∪ J21 processed on the machine
M1 and π 00 is a sequence of the jobs J2 ∪ J12 ∪ J21 processed on the machine M2 . Namely,
(π 0 = (π12 , π1 , π21 ), π 00 = (π21 , π2 , π12 )), where job Jj belongs to the permutation πh if and only
if the inclusion Jj ∈ Jh holds, where h ∈ {1, 2, 12, 21}. Note that the processing order of the
jobs from the set J1 (set J2 ) may be arbitrary in an optimal schedule while the permutations
π12 and π21 are Johnson permutations of the jobs from set J12 and set J21 , respectively. The
permutation π12 = (Ji1 , Ji2 , . . . , Jin12 ) (permutation π21 = (Ji1 , Ji2 , . . . , Jin21 ), respectively) is
called a Johnson permutation of the jobs from the set J12 (from set J21 ) if the condition
min{pik 1 , pim 2 } ≤ min{pim 1 , pik 2 },

(5.1)

holds for all inequalities 1 ≤ k < m ≤ n12 (the condition
min{pik 2 , pim 1 } ≤ min{pim 2 , pik 1 },

(5.2)

holds for all inequalities 1 ≤ k < m ≤ n21 , respectively).
In this section, we consider a more general non-preemptive job-shop scheduling problem with
uncertain (interval) processing times. Assume that the processing time pij of the job Ji ∈ J on
the machine Mj ∈ M is not fixed before scheduling. Actually, in a realization of the schedule,
the value pij may be equal to any real value between a lower bound lij and an upper bound
bij being given before scheduling. Moreover, the probability distribution of the processing time
is unknown before scheduling. This problem is denoted as J 2/aij ≤ pij ≤ bij , ni ≤ 2/Cmax .
We call the problem J 2/aij ≤ pij ≤ bij , ni ≤ 2/Cmax an uncertain problem in contrast to the
problem J 2/ni ≤ 2/Cmax called a deterministic problem. If the equality aij = bij holds for
any job Ji ∈ J and any machine Mj ∈ M, the problem J 2/aij ≤ pij ≤ bij , ni ≤ 2/Cmax
turns into a deterministic job-shop problem J 2/ni ≤ 2/Cmax . Let the set of all feasible vectors
p = (p1,1 , p1,2 , . . . , pN,1 , pN,2 ) of the job processing times be denoted by T = {p | aij ≤ pij ≤
bij , Jj ∈ J , Mm ∈ M}. For a fixed vector p ∈ T , the uncertain problem J 2/aij ≤ pij ≤
bij , ni ≤ 2/Cmax becomes the deterministic problem J 2/ni ≤ 2/Cmax associated with the vector
p of the job processing times. Thus, for any vector p ∈ T of the job processing times, there exists
a Jackson pair of permutations that is optimal for the deterministic problem J 2/ni ≤ 2/Cmax
associated with the vector p of the job processing times.
We denote by S12 the set of all permutations (or sequences) of the n12 jobs from the set
J12 , where |S12 | = n12 !, and by S21 the set of all permutations (sequences) of the n21 jobs
from the set J21 , where |S21 | = n21 !. Let S =< S12 , S21 > be a subset of the Cartesian
product (S12 , π1 , S21 ) × (S21 , π2 , S12 ) such that the elements of the set S are ordered pairs of
j
j
i
i
the two permutations (π 0 , π 00 ), where π 0 = (π12
, π1 , π21
) and π 00 = (π21
, π2 , π12
), 1 ≤ i ≤ n12 !,
1 ≤ j ≤ n21 !. The processing order of the jobs of the set J1 (set J2 ) may be arbitrary in
an optimal schedule, and we can fix both sequences π1 and π2 in increasing order of the job
numbers. Since both permutations π1 and π2 are fixed, and the index i (index j) is the same in
each permutation from the pair (π 0 , π 00 ) ∈ P , we obtain |P | = n12 ! · n21 !. We use the following
definition of a solution to the uncertain problem J 2/aij ≤ pij ≤ bij , ni ≤ 2/Cmax .
Definition 7 A set of permutations S(T ) ⊆ S is called a J-solution to the uncertain problem
J 2/aij ≤ pij ≤ bij , ni ≤ 2/Cmax , if for each vector p ∈ T , the set S(T ) contains at least
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one pair of permutations that is a Jackson one for the deterministic problem J 2/ni ≤ 2/Cmax
associated with the vector p of the job processing times, provided that for any proper subset S 0 of
the set S(T ), there exists at least one vector p0 of job processing times such that the set S 0 does
not contain any Jackson pair of permutations for the deterministic problem J 2/ni ≤ 2/Cmax
associated with the vector p0 of the job processing times.
Let us consider now a flow-shop problem F2/aij ≤ pij ≤ bij /Cmax with the set of jobs J = J12 ,
n = n12 (i.e., all jobs have the same machine route (M1 , M2 )), which is a sub-problem of the
problem J 2/aij ≤ pij ≤ bij , ni ≤ 2/Cmax . So, for the problem F2/aij ≤ pij ≤ bij /Cmax , the set
of all feasible permutations is the set P12 . Let the set of all feasible vectors p = (p1,1 , p1,2 , . . . ,
pn,1 , pn,2 ) of the job processing times for the problem F2/aij ≤ pij ≤ bij /Cmax be also denoted by
T . If the equality aij = bij holds, the problem F2/aij ≤ pij ≤ bij /Cmax turns into a deterministic
flow-shop problem F2//Cmax . Thus, for any vector p ∈ T of the job processing times, there
exists a Johnson permutation that is optimal for the deterministic problem F2//Cmax associated
with the vector p of the job processing times. For the problem F2/aij ≤ pij ≤ bij /Cmax , we use
the following definition instead of Definition 7.
Definition 8 A set of permutations S12 (T ) ⊆ S12 is called a J-solution to the uncertain problem F2/aij ≤ pij ≤ bij /Cmax , if for each vector p ∈ T , the set S12 (T ) contains at least one
permutation that is a Johnson one for the deterministic problem F2//Cmax associated with the
0
of set S12 (T ), there
vector p of the job processing times provided that for any proper subset S12
0
0
exists at least one vector p of job processing times such that the set S does not contain any
Johnson permutation for the deterministic problem F2//Cmax associated with the vector p0 of
the job processing times.
Definitions 7 and 8 imply the following three claims.
Lemma 9 If S12 is a J-solution to the flow-shop problem F2/aij ≤ pij ≤ bij /Cmax with the job
set J12 , then S =< S12 , P21 > contains at least one Jackson pair of permutations for any vector
p ∈ T of the job processing times for the job-shop problem J 2/aij ≤ pij ≤ bij , ni ≤ 2/Cmax with
the job set J .
Lemma 10 If S21 is a J-solution to the flow-shop problem F2/aij ≤ pij ≤ bij /Cmax with the
job set J21 , then S =< P12 , S21 > contains at least one Jackson pair of permutations for any
vector p ∈ T of the job processing times of the job-shop problem J 2/aij ≤ pij ≤ bij , ni ≤ 2/Cmax
with the job set J .
Theorem 11 If S12 is a J-solution to the flow-shop problem F2/aij ≤ pij ≤ bij /Cmax with the
job set J12 , and S21 is a J-solution to the flow-shop problem F2/aij ≤ pij ≤ bij /Cmax with
the job set J12 , then S =< S12 , S21 > is a J-solution to the job-shop problem J 2/aij ≤ pij ≤
bij , ni ≤ 2/Cmax with the job set J = J1 ∪ J2 ∪ J12 ∪ J21 .
5.1

J-solution to the problem F2/aij ≤ pij ≤ bij /Cmax

Let us consider the case when there exists a permutation πi ∈ S constituting a single-element set
(singleton) that is a J-solution S(T ) = {πi } to the uncertain problem F2/aij ≤ pij ≤ bij /Cmax .
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Due to Definition 8, such a permutation πi must be a Johnson permutation for the deterministic
problem F2//Cmax associated with any possible vector p ∈ T of the job processing times. In
other words, the permutation πi has to dominate each permutation πk ∈ S, i.e., the inequality
Cmax (πi , p) ≤ Cmax (πk , p) must hold for any vector p ∈ T and any permutation πk ∈ S. We
construct a partition J = J0 ∪ J1 ∪ J2 ∪ J ∗ of the n jobs defined as follows: J0 = {Ji ∈
J | bi1 ≤ ui2 , bi2 ≤ ai1 }; J1 = {Ji ∈ J | bi1 ≤ ai2 , bi2 > ai1 } = {Ji ∈ J \ J0 | bi1 ≤ ai2 };
J2 = {Ji ∈ J | bi1 > ai2 , bi2 ≤ ai1 } = {Ji ∈ J \ J0 | bi2 ≤ ai1 }; J ∗ = {Ji ∈ J | bi1 > ai2 , bi2 >
ai1 }; where some subsets J0 , J1 , J2 , and J ∗ may be empty. For each job Jk ∈ J0 , from the
inequalities bk1 ≤ ak2 and bk2 ≤ ak1 , we obtain the equalities ak1 = bk1 = ak2 = bk2 . Since both
intervals for the processing times of the job Jk on the machines M1 and M2 become a point,
the processing times pk1 and pk2 are fixed in the problem F2/aij ≤ pij ≤ bij /Cmax , and they
are equal for both machines: pk1 = pk2 =: pk .
Remark 6 Note that the sets J1 and J2 are defined in a way such that both inclusions J1 ⊆ N1
and J2 ⊆ N2 may hold for any vector p ∈ T (the sets N1 and N2 are those used in the Johnson
algorithm). The jobs from the set J0 may be either in the set N1 or in the set N2 regardless
of the vector p ∈ T . The jobs from the set J ∗ may be either in the set N1 or in the set N2
depending on the vector p ∈ T .
Theorem 12 There exists a single-element J-solution S(T ) ⊂ S, |S(T )| = 1, to the problem
F2/aij ≤ pij ≤ bij /Cmax if and only if
(a) for any pair of jobs Ji and Jj from the set J1 (from the set J2 , respectively) either bi1 ≤ aj1
or bj1 ≤ ai1 (either bi2 ≤ aj2 or bj2 ≤ ai2 ),
(b) |J ∗ | ≤ 1 and for the job Ji∗ ∈ J ∗ (if any), the following inequalities hold:
ai∗ 1 ≥ max{bi1 | Ji ∈ J1 };

(5.3)

ai∗ 2 ≥ max{bj2 | Jj ∈ J2 };

(5.4)

max{ai∗ 1 , ai∗ 2 } ≥ pk for each job Jk ∈ J0 .

(5.5)

The opposite extreme case is when a J-solution to the uncertain problem F2/aij ≤ pij ≤
bij /Cmax has a maximal possible cardinality: |S(T )| = n!. We use the notations: amax =
max{aim | Ji ∈ J , Mm ∈ M} and bmin = min{bim | Ji ∈ J , Mm ∈ M}.
Theorem 13 If for the problem F2/aij ≤ pij ≤ bij /Cmax the inequality
amax < bmin

(5.6)

holds, then S(T ) = S.
Corollary 10 If inequality (5.6) holds, then for each permutation πk ∈ S, there exists a vector
p ∈ T such that πk is the unique Johnson permutation for the deterministic problem F2//Cmax
associated with the vector p of the job processing times.
Testing condition (a) of Theorem 12 takes O(n log n) time and testing condition (b) takes O(n)
time. Thus, the conditions of Theorem 12 may be tested in O(n log n) time. Testing the
conditions of Theorem 13 and Corollary 10 takes O(n) time.
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5.2

General case of the problem F2/aij ≤ pij ≤ bij /Cmax

We show how to delete redundant permutations from the set S for constructing a J-solution to
the uncertain problem F2/aij ≤ pij ≤ bij /Cmax . To this end, we will fix the order of the jobs
Jv ∈ J and Jw ∈ J in the desired J-solution if there exists at least one Johnson permutation
of the form πk = (s1 , Jv , s2 , Jw , s3 ) ∈ S for any vector p ∈ T of the job processing times. In [5],
the following sufficient conditions were proven for such a fixing of the order of two jobs. If
bv1 ≤ av2 and bw2 ≤ aw1 ,

(5.7)

then for each vector p ∈ T , there exists a permutation πk = (s1 , Jv , s2 , Jw , s3 ) ∈ S, which is a
Johnson one for the deterministic problem F2//Cmax associated with the vector p of the job
processing times. If
bv1 ≤ av2 and bv1 ≤ aw1 ,
(5.8)
then for each vector p ∈ T , there exists a permutation πk = (s1 , Jv , s2 , Jw , s3 ) ∈ S, which is a
Johnson one for the deterministic problem F2//Cmax associated with the vector p of the job
processing times. If
bw2 ≤ aw1 and bw2 ≤ av2 ,
(5.9)
then for each vector p ∈ T , there exists a permutation πk = (s1 , Jv , s2 , Jw , s3 ) ∈ S, which is a
Johnson one for the deterministic problem F2//Cmax associated with the vector p of the job
processing times. The subsequences s1 , s2 and s3 may be empty, e.g., the jobs Jv and Jw may be
adjacent in the above Johnson permutation: πk = (s1 , Jv , Jw , s3 ) ∈ S. Note that, if condition
(5.7) holds, then the job Jv belongs to the set N1 and the job Jw belongs to the corresponding
set N2 for all possible realizations of the processing times. Note that, if condition (5.8) holds,
then the job Jv belongs to the set N1 for all possible realizations of the processing times, while
the job Jw may be either in the set N1 or in the set N2 for different realizations of the job
processing times. If condition (5.9) holds, then the job Jw belongs to the set N2 for all possible
realizations of the processing times, while the job Jv may be either in the set N1 or in the set
N2 for different realizations of the job processing times. If at least one condition (5.7)–(5.9)
holds, then there exists a J-solution S(T ) to the uncertain problem F2/aij ≤ pij ≤ bij /Cmax
with the fixed order Jv → Jw , i.e., the job Jv ∈ J has to be located before the job Jw ∈ J
in any permutation πi ∈ S(T ). It can also be proven that, if both conditions (5.8) and (5.9)
do not hold, then there is no J-solution S(T ) with the fixed order Jv → Jw in all permutations
πi ∈ S(T ). If in addition, no analogous condition holds for the opposite order Jw → Ji ,
then at least one permutation with the job Ji located before job Jw and that with the job Jw
located before the job Ji must be included in any J-solution S(T ) to the uncertain problem
F2/aij ≤ pij ≤ bij /Cmax . Summarizing, we present the following claim.
Theorem 14 There exists a J-solution S(T ) to the problem F2/aij ≤ pij ≤ bij /Cmax with the
fixed order Jv → Jw of the jobs Jv ∈ J and Jw ∈ J if and only if at least one condition (5.8)
or (5.9) holds.
5.3

A binary relation defined by the set S(T )

Let J ×J denote the Cartesian product of the set J . Due to Theorem 14, by testing inequalities
(5.8) and (5.9) for each pair of jobs Jv ∈ J and Jw ∈ J , one can construct the following binary
relation A ⊆ J × J on the set J .
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Definition 9 The inclusion (Jv , Jw ) ∈ A with v 6= w holds if and only if there exists a Jsolution S(T ) to the uncertain problem F2/aij ≤ pij ≤ bij /Cmax such that the job Jv ∈ J is
located before the job Jw ∈ J (i.e., Jv → Jw ) in all permutations πk ∈ S(T ).
The binary relation A defines a dominance digraph (J , A ) with the vertex set J and the
arc set A . The relation (Jv , Jw ) ∈ A will be also represented as follows: Jv  Jw . It takes
O(n2 ) time to construct the digraph (J , A ) by testing inequalities (5.8) and (5.9) for each
pair of jobs from the set J . In the general case, the binary relation A may be not transitive.
Theorem 15 If the binary relation A is not transitive, then J0 6= Ø.
Theorem 15 may be represented in a contrapositive form as follows.
Corollary 11 If J0 = Ø, then the binary relation A is transitive.
Next, we consider the case when J0 6= Ø. In the general case, the binary relation A defined over
the set J is a pseudo-order relation since the binary relation A possesses only transitivity. The
digraph (J , A ) defined by the binary relation A may contain circuits and loops. However,
a loop in the digraph (J , A ) has no sense while defining a J-solution S(T ) to the uncertain
problem F2/aij ≤ pij ≤ bij /Cmax .
Theorem 16 (A) If Jk ∈ J0 , Ji ∈ J1 , and ai1 < pk , then Ji  Jk and Jk 6 Ji .
(B) If Jk ∈ J0 , Ji ∈ J2 , and ai2 < pk , then Jk  Ji and Ji 6 Jk .
(C) If Jk ∈ J0 , Ji ∈ J ∗ , inequality ai1 < pk , holds, and inequality Jk 6 Ji does not hold, then
Jk  Ji and Ji 6 Jk .
(D) If Jk ∈ J0 , Ji ∈ J ∗ , inequality Jk 6 Ji holds, and inequality ai1 < pk , does not hold, then
Jk  Ji and Ji 6 Jk .
Remark 7 If inequality pk > max{ai1 , ai2 } holds, then the order of these two jobs cannot
be fixed in any J-solution S(T ) to the uncertain problem F2/aij ≤ pij ≤ bij /Cmax , i.e., both
relations Ji 6 Jk and Jk 6 Ji hold.
Theorem 17 If Jk ∈ J0 , Ji ∈ J1 (Ji ∈ J2 ), and pLi1 ≥ pk (pLi2 ≥ pk , respectively), then both
relations Ji  Jk and Jk  Ji hold.
Using Theorems 14, 16, and 17 for the case J0 6= Ø, we can construct a digraph (J , A )
which may contain circuits. If the conditions of Theorem 17 do not hold for any job Ji ∈ J1
(Ji ∈ J2 ), then we can construct a digraph (J , A≺ ) without circuits. If there exists a job
Ji ∈ J1 (Ji ∈ J2 ) such that inequality li1 ≥ pk (inequality li2 ≥ pk ) holds, then we can construct
a family of solutions to the uncertain problem F 2|ljm ≤ pjm ≤ ujm |Cmax via fixing different
feasible positions for the job Jk ∈ J0 in the permutations from a J-solution. Such a family of
J-solutions may be used by a decision-maker for selecting the best permutation to be realized
using additional information obtained after processing some jobs from the set J .
Since the cardinality of a J-solution S(T ) may vary for different uncertain problems F2/aij ≤
pij ≤ bij /Cmax in the range [1, n!], there is no polynomial algorithm for a direct enumeration of
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all permutations of the set S(T ). However, due to Theorems 14, 16, and 17, one can construct a
digraph (J , A ) or a digraph (J , A≺ ) in O(n2 ) time. The digraph (J , A≺ ) (digraph (J , A ))
defines a set S(T ) (a family of sets S(T )) and may be considered as a condense form of a
J-solution (family of J-solutions) to the uncertain problem F2/aij ≤ pij ≤ bij /Cmax . Of course,
the more job pairs involved in the binary relation A , the more redundant permutations will
be deleted from the set S while constructing a J-solution S(T ) ⊆ S to the uncertain problem
F2/aij ≤ pij ≤ bij /Cmax . In Subsections 6.4 and 6.5, the case J0 = Ø is considered.
5.4

Properties of the dominance digraph

Let J0 = Ø, i.e., J = J ∗ ∪ J1 ∪ J2 . For the jobs Jv ∈ J1 and Jw ∈ J1 (for the jobs Jv ∈ J2 and
Jw ∈ J2 ), it may happen that there exist both a J-solution S(T ) ⊂ S with the job Jv located
before the job Jw in all permutations πk ∈ S(T ) (i.e., Jv → Jw ) and a J-solution S 0 (T ) ⊂ S
with the job Jw located before the job Jv in all permutations πl ∈ S 0 (T ) (i.e., Jw → Jv ). In
such a case, the digraph (J , A ) has the circuit (Jv , Jw , Jv ).
Theorem 18 The digraph (J , A ) has no circuits if and only if the set J = J ∗ ∪ J1 ∪ J2
includes no pair of jobs Ji ∈ Jk and Jj ∈ Jk with k ∈ {1, 2} such that
aik = bik = ajk = bjk .

(5.10)

Corollary 12 Let J = J ∗ ∪J1 ∪J2 . The dominance digraph (J , A ) has the circuit (Ji , Jj , Ji )
if and only if for the jobs Ji ∈ Jk and Jj ∈ Jk , k ∈ {1, 2}, equalities (5.10) hold.
In the case J0 = Ø, we can define a binary relation A≺ ⊆ A ⊆ J × J .
Definition 10 If Jv  Jw and Jw 6 Jv , then Jv ≺ Jw . If Jv  Jw and Jw  Jv with v < w,
then Jv ≺ Jw and Jw ≺
6 Jv .
Since the set J0 is empty, we obtain an antireflective (due to Definition 9), antisymmetric (due
to Theorem 18 and Definition 10), and transitive (due to Theorem 15) binary relation A≺ on
the set J , i.e., we obtain a strict order. The strict order A≺ defines a dominance digraph
G = (J , A≺ ) with the vertex set J and the arc set A≺ .
Corollary 13 The relation Ju ≺ Jv implies Ju  Jv and at least one condition (5.8) or (5.9)
must hold. The relation Ju  Jv implies exactly one of the relations Ju ≺ Jv or Jv ≺ Ju .
Theorem 19 Let J = J ∗ ∪J1 ∪J2 . Then there exists at most one component with a cardinality
greater than one in the dominance digraph G.
Corollary 14 If Ji ≺ Jj and Jk ≺ Jl , i 6= k, i 6= l, j 6= k, j 6= l, then at least one of the
relations Ji ≺ Jl , Jl ≺ Ji , Jk ≺ Jj or Jj ≺ Jk must hold.
Lemma 11 Let the relation Ji ≺ Jj hold and assume that there exists a vector p ∈ T such
that a permutation of the form πk = (. . . , Jj , . . . , Ji , . . .) ∈ S is a Johnson permutation for the
vector p of job processing times. Then condition (5.1) with ik = j, im = i must hold as an
equality.
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Lemma 12 Let for a Johnson permutation of the form πi = (. . . , Ju , . . . , Jv , . . . , Jw , . . .) condition (5.1) with ik = u, im = w be an equality. Then condition (5.1) must be an equality either
with ik = u, im = v or with ik = v, im = w.
Lemma 13 Let for a Johnson permutation of the form πi = (. . . , Ju , . . . , Jv , . . . , Jw , . . .) condition (5.1) both with ik = u, im = v and with ik = v, im = w be a strict inequality. Then
condition (5.1) with ik = u, im = w must be a strict inequality.
A permutation πk = (Jk1 , Jk2 , . . . , Jkn ) ∈ S may be considered as a total order of the jobs
J . A total order defined by the permutation πk is called a linear extension of a partial order
A≺ , if each inclusion (Jku , Jkv ) ∈ A≺ implies the inequality u < v. Let Π(G) denote the set
of permutations πk ∈ S defining all linear extensions of the partial order A≺ . In particular,
if G = (J , Ø), then Π(G) = S. On the other hand, if |A≺ | = n(n−1)
, then Π(G) = {πk }. A
2
criterion for such a case was given in Theorem 12.
Theorem 20 Let J = J ∗ ∪ J1 ∪ J2 . For any vector p ∈ T , the set Π(G) contains a Johnson
permutation for the problem F 2||Cmax associated with the vector p of job processing times.
Corollary 15 If J = J ∗ ∪J1 ∪J2 , then there exists a J-solution S(T ) to the problem F2/aij ≤
pij ≤ bij /Cmax such that S(T ) ⊆ Π(G).
5.5

How to construct a minimal dominant set S(T ) ⊆ Π(G)?

The pair of jobs Ji ∈ J and Jj ∈ J is called a conflict pair of jobs, if neither the relation Ji  Jj
nor Jj  Ji holds. Due to Corollary 13, both conditions (Ji , Jj ) 6∈ A≺ and (Jj , Ji ) 6∈ A≺ hold
for a conflict pair of jobs Ji and Jj .
Lemma 14 Let J = J ∗ ∪ J1 ∪ J2 . A permutation of the form πg = (. . . , Ji , . . . , Jr , . . . , Jj , . . .)
∈ Π(G) is redundant, if for a pair of jobs Ji ∈ Jk and Jj ∈ Jk with k ∈ {1, 2}, equalities (5.10)
hold and the job Jr creates a conflict pair both with the job Ji and with the job Jj .
A redundant permutation defined in Lemma 14 is called a redundant permutation of type 1.
Due to Lemma 14, testing whether the set Π(G) contains a redundant permutation of type 1
takes O(n2 ) time. In order to delete all redundant permutations of type 1 from set Π(G), it is
sufficient to treat each pair of jobs Ji and Jj , for which the condition of Lemma 14 holds, as
one (any) job from the set {Ji , Jj }. E.g., if i < j, then only job Ji will be treated. We delete
(successively, one by one) a vertex Jj from the digraph G along with all arcs incident to vertex
Jj provided that i < j. Let G I denote the digraph obtained from G = (J , A≺ ) after such a
deletion of all corresponding vertices and arcs. We denote the set of vertices deleted as J I . The
set Π(G I ) has no redundant permutations of type 1 for the instance F2/aij ≤ pij ≤ bij /Cmax
obtained from the original one via deleting the set of jobs J I . The desired subset of the set Π(G)
without a redundant permutation of type 1 will be obtained from the set Π(G I ) via inserting
each job Jj ∈ J I just after the corresponding job Ji in each permutation from the set Π(G I ).
Let the inclusion Jj ∈ J ∗ hold. We define two sets of jobs as follows:
Jj0 = {Jq ∈ J2 | min{bj1 , bj2 } < bq2 }

[

Jj00 = {Jw ∈ J1 | min{bj1 , bj2 } < bw1 }

{Jr ∈ J1 ∪ J ∗ | min{bj1 , bj2 } ≤ ar1 };

[
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{Ju ∈ J2 ∪ J ∗ | min{bj1 , bj2 } ≤ lu2 }.

Lemma 15 Let J = J ∗ ∪ J1 ∪ J2 . If Jj ∈ J ∗ , Jq ∈ Jj0 , Jw ∈ Jj00 , then each permutation of
the form πg = (. . . , Jq , . . . , Jj , . . . , Jw , . . .) ∈ Π(G) is redundant.
A redundant permutation defined by the condition of Lemma 15 will be called a redundant
permutation of type 2. Due to Lemma 15, testing whether a permutation πg ∈ Π(G) is a
redundant permutation of type 2 takes O(n) time. It is easy to prove the following claim: If
for the sets Jj0 and Jj00 constructed for job Jj ∈ J ∗ one of the following conditions (a) or (b)
holds: (a) either Jj0 = ∅ or Jj00 = ∅; (b) Jj0 = Jj00 and |Jj0 | = |Jj00 | = 1, then the job Jj does
not generate a redundant permutation of type 2 in the set Π(G). Let Π∗ (G) denote the set of
permutations remaining in the set Π(G) after deleting all redundant permutations of type 1
and type 2.
Lemma 16 Let J = J ∗ ∪ J1 ∪ J2 . If the permutation πt ∈ Π(G) is redundant in the set Π(G),
then πt is a redundant permutation either of type 1 or type 2.
Theorem 21 If the set J = J ∗ ∪ J1 ∪ J2 does not contain a pair of jobs Ji ∈ J ∗ and
Jj ∈ J ∗ such that the condition
max{pLi,3−k , pLj,3−k } < pLik = pUik = pLjk = pUjk < min{pUi,3−k , pUj,3−k , }

(5.11)

holds, k ∈ {1, 2}, then Π∗ (G) = S(T ).
Testing the condition of Theorem 21 takes O(n) time. Due to Theorem 21 and Lemma 16, if
there are no jobs such that condition (5.11) holds, a J-solution can be constructed by deleting
all redundant permutations of type 1 and type 2 from the set Π(G). Since the obtained set
Π∗ (G) is uniquely defined, the following claim is correct.
Corollary 16 If the set J = J ∗ ∪ J1 ∪ J2 does not contain a pair of jobs Ji and Jj such
that condition (5.11) holds, then the relation A≺ defines a unique J-solution Π∗ (G) = S(T ) to
problem F2/aij ≤ pij ≤ bij /Cmax .
The condition of Theorem 21 is sufficient (but not necessary) for the uniqueness of a J-solution
Π∗ (G) = S(T ) to problem F2/aij ≤ pij ≤ bij /Cmax .
5.6

Conditions for schedule domination

Now we provide sufficient conditions for the existence of a dominant set of pairs of permutations
in the following sense.
Definition 11 The pair of permutations (πu0 , πu00 ) ∈ S dominates the pair of permutations
(πv0 , πv00 ) ∈ S with respect to T if the inequality Cmax (πu , p) ≤ Cmax (πv , p) holds for any vector
p ∈ T of the job processing times. The set of permutations S 0 ⊆ S is dominant with respect to
T if for each pair of permutations (πv0 , πv00 ) ∈ S, there exists a permutation (πu0 , πu00 ) ∈ S 0 that
dominates the pair of permutations (πv0 , πv00 ) with respect to T .
It is clear that the set of pairs of permutations S(T ) used in Definition 7 is dominant with
respect to T . It should be noted that Definition 11 does not use Jackson pairs of permutations
in contrast to Definition 7. In what follows, we will relax (if it will be useful) the requirement
for a dominant pair of permutations (πu0 , πu00 ) to be a Jackson one.
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Lemma 17 Let the problem J 2/aij ≤ pij ≤ bij , ni ≤ 2/Cmax with the job set J = J1 ∪ J2 ∪
J12 ∪ J21 be considered. If
X
X
bj1 ≤
aj2 ,
Jj ∈J12

Jj ∈J21 ∪J2

then in an optimal schedule, the order of the jobs of the set J12 may be arbitrary.
Let P = {Ji ∈ J12 |(Ji ≺ Jj ) or (Jj ≺ Ji ) for all Jj ∈ J12 \ {Ji }}. Consider two jobs Jq ∈ P and
Jw ∈ P, Jq ≺ Jw , such that the set P does not contain any job Js with Jq ≺ Js ≺ Jw . If there
exists a set Jk ⊂ J12 \ P such that for every job Jr ∈ Jk the relations Jq ≺ Jr ≺ Jw hold, then
the set Jk is called a conflict set of jobs. Obviously, the set J12 may contain more than one
conflict set. If P1 ⊂ J12 and P2 ⊂ J12 are two conflict sets, then P1 ∪ P2 = Ø. If the partial
strict order A over the set J12 is
(J1 ≺ . . . ≺ Jk ≺ {Jk+1 , Jk+2 , . . . , Jk+r } ≺ Jk+r+1 ≺ . . . ≺ Jn12 ),
the notation {Jk+1 , Jk+2 , . . . , Jk+r } denotes the conflict set. Analogously, we can define a
conflict set for the jobs from the set J21 .
Lemma 18 Let the problem J 2/aij ≤ pij ≤ bij , ni ≤ 2/Cmax with the job set J = J1 ∪ J2 ∪
J12 ∪ J21 be considered. Let the partial strict order A≺ over the set J12 be
(J1 ≺ . . . ≺ Jk ≺ {Jk+1 , Jk+2 , . . . , Jk+r } ≺ Jk+r+1 ≺ . . . ≺ Jn12 ).
If
X
Ji ∈J12 ,i<k+1

bi1 ≤

X

aj2 +

Jj ∈J21 ∪J2

X

ai2 ,

Ji ∈J12 ,i<k+r+1

then in an optimal schedule, the order of the jobs of the conflict set Jk ⊆ {Jk+1 , Jk+2 , . . . , Jk+r }
may be arbitrary.
If the conditions of Lemma 18 (Lemma 17) hold, we can order the jobs of the conflict set Jk
(the whole set J12 ), in increasing order of the job numbers, for example, which will decrease the
cardinality of the set of the pairs of permutations under consideration. On the other hand, if
the conditions of Lemma 17 do not hold, machine M2 may have an idle time when it processes
the jobs from the conflict set Jk . Next, we describe and justify sufficient conditions and
the formal algorithms for constructing a dominant permutation (if it is possible) for problem
F2/aij ≤ pij ≤ bij /Cmax in the following sense.
Definition 12 The permutation πu ∈ S dominates the permutation πk ∈ S with respect to
T if Cmax (πu , p) ≤ Cmax (πk , p) for any vector p ∈ T of the job processing times. The set of
permutations S 0 ⊆ S is dominant with respect to T if for each permutation πk ∈ S, there exists
a permutation πu ∈ S 0 that dominates permutation πk with respect to T .
If conditions (a) – (b) of Theorem 12 hold, then the singleton {πu } is dominant with respect
to T (we say that such a permutation πu is dominant with respect to T ). It is also clear that
the set of permutations S used in Definition 8 is dominant with respect to T . It should be
noted that Definition 12 does not exploit the Johnson rule in contrast to Definition 8. In what
follows, we will relax (if it will be useful) the demand for a dominant permutation πu to be a
Johnson one. Note that, instead of condition (5.1) for the optimality of permutation πi ∈ S, one
36

can also consider more general conditions proven in [13, 71, 74]. The larger subset of optimal
permutations constructed in [13, 70, 71, 74] may provide more choices to the decision-maker to
find an optimal schedule under uncertainty conditions.
Lemma 19 Let the problem F2/aij ≤ pij ≤ bij /Cmax with the job set J12 be considered. Let
the partial strict order A≺ over the set J12 be as follows:
(J1 ≺ . . . ≺ Jk ≺ {Jk+1 , Jk+2 , . . . , Jk+r } ≺ Jk+r+1 ≺ . . . ≺ Jn12 ).
If
X
Ji ∈J12 ,i<k+1

X

bi1 ≤

ai2 ,

Ji ∈J12 ,i<k+r+1

then in an optimal schedule, the order of the jobs of the conflict set Jk ⊆ {Jk+1 , Jk+2 , . . . , Jk+r }
may be arbitrary.
5.7

On-line scheduling

Let J0 = Ø. As far as the on-line scheduling phase is concerned, the actual value p∗jm of the
job processing time pjm is available at the time-point tj = cm (j) when job Jj is completed by
machine Mm . Let the partial strict order A≺ over the set J12 be as follows:
(J1 ≺ . . . ≺ Jk ≺ {Jk+1 , Jk+2 , . . . , Jk+r } ≺ Jk+r+1 ≺ . . . ≺ Jn12 ).
Then at time-point t0 = 0, machine M1 can start processing jobs from the set {J1 , . . . , Jk } till
the conflict set of jobs Jk . An additional decision has to be used at the time-point tk = c1 (k). It
is clear that at time-point tk , the actual processing times of the jobs from the set J (tk , 1) = {J1 ,
J2 , . . . , Jk } on machine M1 are already known. Let these actual values of the processing times
be as follows: p1,1 = p∗1,1 , p2,1 = p∗2,1 , . . . , pk1 = p∗k1 .
At time-point t0 , machine M2 starts to process jobs from the set J12 . Let at time-point tk ,
machine M2 already operates jobs from the set J (tk , 2) ⊂ J21 ∪ J2 ∪ {J1 , J2 , . . . , Jk }. The
actual values p∗j2 of the processing times pj2 of the jobs Jj from the set J (tk , 2) are available
at time-point tk = c1 (k), i.e., pj2 = p∗j2 , while the actual values of the processing times pl2
of the jobs Jl from the set J21 ∪ J2 ∪ {J1 , J2 , . . . , Jk } \ J (tk , 2) are unavailable at time-point
tk = c1 (k). Thus, at time-point tk = c1 (k), the set of feasible vectors
T (k) = {p ∈ T | pi1 = p∗i1 , pj2 = p∗j2 , Ji ∈ J (tk , 1), Jj ∈ J (tk , 2)}

(5.12)

will be utilized instead of set T defined by equality (6.1). We can calculate a lower bound cL2 (k)
for the actual value c2 (k) in the following way:
cL2 (k)

= c2 (l − 1) + max{al2 , c1 (k) − c2 (l − 1)} +

k
X

aj2 .

j=l

Next, we consider the following question. When will one of the permutations of the set S be
optimal for all vectors p ∈ T (k) of the job processing times? To answer this question, we have
to consider all possible orders of the jobs of the conflict set. At time-point tk−1 , a scheduler can
choose the order of the jobs in the conflict set being processed next (immediately after job Jk−1 )
on machine M1 . Let a set of r jobs be conflicting at time-point tk = c1 (k) ≥ 0. W.l.o.g. we
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assume that the jobs from the set {Jk1 , Jk2 , . . . , Jkr } ⊂ J = J ∗ ∪ J1 ∪ J2 are conflicting. Then
we need to test the r! possible orders of the conflicting jobs. We can calculate the following
upper bound cU2 (k) for the actual value c2 (k):
cU2 (k) = c2 (l − 1) +

k−1
X

bj2 .

j=l

We consider sufficient conditions for an optimal ordering of the conflict jobs at the on-line
decision-making time-points. Let the set Jk of r jobs be conflicting at time-point tk = c1 (k) > 0.
Then we need test no more than r! possible orders of conflicting jobs (according to the partial
order of the jobs of the conflict set Jk ).
Lemma 20 Let the partial strict order A≺ over the set J12 be as follows:
(J1 ≺ . . . ≺ Jk ≺ {Jk1 , Jk2 , . . . , Jkr } ≺ Jk+1 ≺ . . . ≺ Jn ).
If inequality
s+1
X

bki 1 ≤

i=1

s
X

akj 2

j=0

holds for each s = 0, 1, . . . , r, where ak0 2 = cL2 (k) − c1 (k), then the permutation {J1 , . . . , Jk , Jk1 ,
Jk2 , . . . , Jkr , Jk+1 , . . . , Jn } is dominant with respect to T (k).
Let δm be defined recursively as follows:
δm = max{0, pUm,2 − pLm+1,1 + δm−1 },
where δ1 = max{0, pU1,2 − pL2,1 }. Using this notation, we can generalize the above lemmas for
the case of r conflicting jobs at the time-point t0 = 0.
Lemma 21 Let the partial strict order A≺ over the set J12 be as follows:
(J1 ≺ . . . ≺ Jk ≺ {Jk1 , Jk2 , . . . , Jkr } ≺ Jk+1 ≺ . . . ≺ Jn ).
If the conditions
s
X

s−1
X

aki 1 >

i=m
m
X

bkj 2 ,

m = 1, 2, . . . , s,

akj 2 ,

m = s + 1, s + 2, . . . , r,

j=m−1

bki 1 ≤

i=s+1
r+1
X
i=s+1

m−1
X
j=s

aki 1 ≥

r
X

bkj 2

j=s

hold for at least one s = 1, 2, . . . , r, where
bk0 2 = cU2 (k) − c1 (k),
then the permutation {J1 , . . . , Jk , Jk1 , Jk2 , . . . , Jkr , Jk+1 , . . . , Jn } is dominant with respect to
T (k).
38

Lemma 22 Let the partial strict order ≺ be as follows:
({J1 , J2 , . . . , Jr } ≺ Jr+1 ≺ . . .).
If
pLr+1,1 ≥ pUr,2 + δr−1 ,
then the order of the jobs J1 , J2 , . . . , Jr in the optimal permutation is as follows: J1 → J2 →
. . . → Jr .
5.8

Off-line and on-line scheduling algorithms

The following algorithms were coded in C++: Algorithm 1 for the off-line scheduling and
Algorithm 2 for the on-line scheduling provided that the set J0 is empty.
Algorithm 1 for off-line scheduling
Input:

Lower and upper bounds ljm and ujm for the processing times pjm
of the jobs Jj ∈ J on the machines Mm ∈ M.
Output: Solution S(T ) to the problem F2/aij ≤ pij ≤ bij /Cmax ;
binary relation ≺ defining the solution S(T ), if |S(T )| > 1.
Step 1: Test conditions (a) − (b) of Theorem 12. IF conditions (a) − (b) hold
Step 2: THEN construct a dominant permutation of the jobs J GOTO step 10;
Step 3: ELSE using Theorem 14 construct the digraph G = (J , A); set k := 0;
Step 4: Take the first conflict subset of jobs in the set J ;
Step 5: IF the conditions of Lemma 19 hold for the conflict set
THEN order the jobs of the conflict set arbitrarily, ELSE set k := k + 1;
Step 6: IF there is no conflict set THEN IF k = 0 GOTO step 10.
Step 7: ELSE GOTO step 9.
Step 8: ELSE Take the next subset of conflict jobs in the set J GOTO step 5;
Step 9: STOP: Binary relation defining solution S(T ), |S(T )| > 1.
Step 10: STOP: Dominant permutation with respect to T , |S(T )| = 1.

In Algorithm 2, the integer k, 1 ≤ k ≤ n, denotes the number of decision-making time-points
ti = c1 (i), Ji ∈ J , in the on-line scheduling phase. The integer m, 1 ≤ m ≤ k, denotes the
number of decision-making time-points for which the optimal orders of the conflicting jobs were
found using the above sufficient conditions.
Algorithm 2 for on-line scheduling (J0 = ∅)
Input:

Lower and upper bounds ljm and ujm for the processing times pjm
of the jobs Jj ∈ J on the machines Mm ∈ M;
solution S ∗ (T ), |S ∗ (T )| > 1, to the problem F2/aij ≤ pij ≤ bij /Cmax
defined by the partial strict order ≺.
Output: Either a dominant permutation πu ∈ S ∗ (T ) with respect to T (i), Jj ∈ J ,
or a permutation from the solution S ∗ (T ) without optimality proof.
Step 1: Set k := 0, m := 0.
Step 2: IF the first jobs in the partial strict order ≺ are conflicting THEN
BEGIN check the condition of Lemma 22 for all conflict permutations
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IF the condition of Lemma 22 holds for at least one conflict permutation
THEN Set k := k + 1, m := m + 1, choose an optimal permutation
of the conflicting jobs ELSE Set k := k + 1, choose an arbitrary
permutation of the conflict jobs and process the jobs of the
conflict set in the chosen permutation. END
Step 3: UNTIL completing the last job in the actual schedule process
of the linear part of the partial strict order ≺.
Step 4: Check the conditions of Lemmas 20 and 21 for all orders of
the conflict jobs.
Step 5: IF at least one sufficient condition from Lemmas 20 and 21 holds
for at least one order of the jobs of the conflict set THEN k := k + 1,
m := m + 1, choose an optimal order of the conflict jobs ELSE
k := k + 1, choose an arbitrary order of the jobs of the conflict set,
Step 6: process the jobs of the conflict set in the chosen order.
RETURN
Step 7: IF k = m THEN GOTO step 10.
Step 8: Calculate the length Cmax of the schedule that was constructed via steps
∗
1 – 7 and the length Cmax
of the optimal schedule constructed
∗
THEN GOTO step 9.
for the actual processing times. IF Cmax = Cmax
Step 9: STOP: the constructed schedule is not optimal for the actual
job processing times.
Step 10: STOP: the optimality of the permutation is defined after
the schedule execution.
Step 11: STOP: the optimality of the permutation is proven before
the schedule execution.
The computational experiments have shown the efficiency of the stability approach on many
randomly generated instances of the problem F2/aij ≤ pij ≤ bij /Cmax . The average relative
error of the makespan
∗
∗
[(Cmax − Cmax
)/Cmax
] · 100%
obtained for all actual schedules was less than 2.9% for all randomly generated instances with
n = 10 jobs. The average relative error of the makespan obtained for all actual schedules was
less than 1.67% for all randomly generated instances with n jobs, where 20 ≤ n ≤ 1000. The
sufficient conditions for the existence of a dominant permutation given in Lemmas 20 – 21 was
very effective for on-line scheduling. In should also be noted that the number of decision-making
time-points ti = c1 (i) when the order of the conflicting jobs has to be decided is rather high for
some instances with n ≥ 50. However, these decisions made in Algorithm 2 were fast: There
was no randomly generated instance which takes a running time of more than 0.05 seconds for
a processor with 1200 MHz.
5.9

Notes and references

In this section, the complete version of the stability approach was implemented for the two-stage
scheduling problem with the makespan criterion. At the off-line stage of the stability method,
a minimal dominant set (MDS) of the job permutations was constricted, which provided either
the final optimal solution for the problem F2/aij ≤ pij ≤ bij /Cmax or a minimal set of optimal
permutations that contained at least one solution for each possible scenario. In the latter case,
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an MDS was used at the on-line stage of the stability method in order to construct a factually
optimal schedule for the uncertain problem F2/aij ≤ pij ≤ bij /Cmax . All the results presented
in this section were proven in the papers [4, 5, 27, 66, 67, 68, 69, 72, 73, 77, 105].
A minimal dominant set (MDS) of semiactive schedules was investigated in [4, 5, 54, 55] for
P
the Cmax criterion, and in [4, 57, 105] for the total flow time criterion Ci . In particular,
the paper [105] addressed the total flow time criterion in a two-machine flow-shop problem
P
F2/aij ≤ pij ≤ bij / Ci . A geometrical algorithm has been developed for solving the flow-shop
P
problem Fm/aij ≤ pij ≤ bij , n = 2/ Ci with m machines and two jobs. For an uncertain flowshop problem with two or three machines, sufficient conditions have been identified when the
transposition of two jobs minimizes the total flow time. The work of [4] dealt with the case of
separate setup times with the criterion of minimizing the makespan or total flow time. Namely,
the processing times were fixed while each setup time was relaxed to be a distribution-free
random variable within a given lower and upper bound. Dominance relations were identified
for an uncertain flow-shop problem with two machines. In [5], for a two-machine flow-shop
problem F2/aij ≤ pij ≤ bij /Cmax sufficient conditions were identified when the transposition of
two jobs minimizes the makespan. In [54, 55], necessary and sufficient conditions were proven
for the case when a single semiactive schedule dominates all the others, and necessary and
sufficient conditions were proven for the case when it is possible to fix the optimal order of two
jobs for the makespan criterion with interval processing times.
The stability approach was originally proposed in [55] and developed in [54] for the Cmax
P
criterion and in [55] for the total completion time criterion Ci . In particular, a formula for
calculating the stability radius of an optimal schedule (i.e., the largest value of simultaneous
independent variations of the job processing times for the schedule to remain optimal) has
been provided in [55]. In the work of [55], the stability analysis of a schedule minimizing the
total completion time was exploited
in a branch and bound method for solving the job-shop
L
U P
problem Jm|pij ≤ pij ≤ pij | Ci with m machines. In [5], for the two-machine flow-shop
problem F2/aij ≤ pij ≤ bij /Cmax , sufficient conditions were identified when the transposition
of two jobs minimizes the makespan. The article [105] addressed total completion time in a
flow-shop with interval processing times. In particular, a geometrical
algorithm was developed
P
for solving the flow-shop problem Fm/aij ≤ pij ≤ bij , n = 2/ Ci with m machines and
two jobs. For the flow-shop problem with two and three machines, sufficient conditions were
identified when the transposition of two jobs minimizes total completion time. The work
of [4] was devoted to the case of separate setup times with the criterion of minimizing the
makespan or total completion time. Namely, the processing times are fixed while each setup
time is relaxed to be a distribution-free random variable within a given lower and upper bound.
Local and global dominance relations were identified for such a flow-shop problem with two
machines. In [54], necessary and sufficient conditions were proven for the case when a single
schedule dominates all the others, and necessary and sufficient conditions were proven for the
case when it is possible to fix the optimal order of two jobs for the makespan criterion with
interval processing times. In contrast to the papers [54, 55], where exponential algorithms based
on an exhausting enumeration of the feasible schedules were derived for a job shop problem
J m/aij ≤ pij ≤ bij /Cmax , in this section, we presented polynomial procedures for solving the
special case of the problem when m = 2 and all jobs have the same technological route.
The stability approach was also implemented in [3] for the two-machine flow shop problem
with the total completion time objective, interval processing and setup times. In [26], a general
model motivated by a concrete industrial application was developed. The authors proposed
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a two-phase method based on solving a mixed-integer programming problem and improving
the initial schedule by a tabu search heuristic. Such an approach may be used to handle
various scheduling problems when there are sequence-dependent set-up times, the jobs have
to be processed in batches and the machines have non-availability intervals. In [11, 12], the
stability of a Johnson permutation (a Jackson pair of permutations) was used for solving the
two-machine flow shop (job shop) scheduling problem with non-availability intervals given for
the machines.
A mass uncertain problem α/aij ≤ pij ≤ bij /γ cannot be easier (in an asymptotical sense)
than its deterministic counterpart α//γ since the latter is a special case of the former (if
aij = bij for each Ji ∈ J and Mj ∈ M ). So, the statement by Lenstra [60] about “the
mystical power of twoness” that a shop scheduling problem may be solved in polynomial time
only if at least one number of the machines or jobs is restricted by two (and P =
6 N P) is
applicable to the uncertain problems α/aij ≤ pij ≤ bij /γ as well. As it was proven in [95, 100],
P
the deterministic problems F/n = 3/Cmax and F/n = 3/ Ci and all other deterministic
flow shop scheduling problems F/n = 3/Φ with a non-trivial regular criterion
Φ are binary
P
NP-hard. Even the deterministic problems J 3/n = 3/Cmax and J 3/n = 3/ Ci and so the
other job shop scheduling problems F/n = 3/Φ are binary NP-hard [116]. The complexity
of deterministic shop scheduling problems with a fixed number of jobs or (and) machines was
surveyed in [17, 60, 88].

6

Single-stage scheduling

The single machine scheduling problem with interval processing times, which we consider in
this section, can be described as follows. There are n ≥ 2 jobs J = {J1 , J2 , ..., Jn } to be
processed on a single machine. Associated with a job Ji ∈ J , there is a weight wi > 0 reflecting
the job importance. All jobs are available for processing at time zero. The processing time pi
of a job Ji ∈ J can take any real value between a lower bound ai > 0 and an upper bound
bi ≥ ai . The exact value of the processing time remains unknown until job completion. Let T
n
of nondenote the set of vectors p = (p1 , p2 , . . . , pn ) of the processing times in the space R+
negative n-dimensional real vectors. The set T is the Cartesian product of the closed intervals
(or segments) [ai , bi ]:
n
T = {p | p ∈ R+
, ai ≤ pi ≤ bi , i ∈ {1, 2, . . . , n}} = ×ni=1 [ai , bi ].

(6.1)

A vector p ∈ T is called a scenario. Let S = {π1 , π2 , . . . , πn! } denote the set of all permutations
πk = (Jk1 , Jk2 , . . . , Jkn ) of the n jobs in J . Given a permutation πk ∈ S and a scenario p ∈ T ,
let Ci = Ci (πk , p) denote the completion time of the job Ji ∈ J in the semi-active schedule
P
[79, 122] defined by the permutation πk . The criterion wi Ci denotes the minimization of the
sum of the weighted completion times:
X
Ji ∈J

wi Ci (πt , p) = min {
πk ∈S

X

wi Ci (πk , p)},

Ji ∈J

where the permutation πt = (Jt1 , Jt2 , . . . , Jtn ) ∈ S is optimal. This problem is denoted as
P
1/ai ≤ pi ≤ bi /P wi Ci . Next, we adopt the stability approach [54, 55, 122] to the problem
1/ai ≤ pi ≤ bi / wi Ci .
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6.1

Fixed processing times

In [90], it was proven that the deterministic problem 1// wi Ci can be solved in O(n log2 n)
time due to the following sufficient condition for the optimality of a permutation πk = (Jk1 ,
Jk2 , . . . , Jkn ) ∈ S:
wk1
wk
wk
≥ 2 ≥ ... ≥ n.
(6.2)
pk 1
pk 2
pkn
Hereafter, the inequality pki > 0 must hold for each job Jki ∈ J . Note that inequalities (6.2)
are also a necessary condition for the optimality of a permutation πk ∈ S.
P

Theorem 22 The permutation πk = (Jk1 , Jk2 , . . . , Jkn ) ∈ S is optimal for the problem 1//
if and only if inequalities (6.2) hold.
To obtain the corresponding result for the uncertain problem 1/ai ≤ pi ≤ bi /
the following two corollaries from Theorem 22.

P

P

wi Ci

wi Ci , we need

Corollary 17 If the inequality

wu
wv
>
pu
pv
P
holds, then in all optimal permutations for the problem 1// wi Ci the job Ju precedes the job
Jv .
Corollary 18 If the equality

wv
wu
=
pu
pv
P
holds, then the problem 1// wi Ci has both an optimal permutation πl ∈ S of the form πl =
(. . . , Ju , Jv , . . .) and an optimal permutation πm ∈ S of the form πm = (. . . , Jv , Ju , . . .).
6.2

Minimal dominant set (MDS)

Let the notation 1/p/ wi Ci be used for indicating an instance with a fixed scenario p ∈ T of
P
the deterministic problem 1// wi Ci .
P

Definition 13 [110] The set of permutations
S(T ) ⊆ S is a minimal dominant set (MDS for
P
short) for the problem 1/ai ≤ pi ≤ bi / wi Ci , if for any fixed scenario p ∈ T , the set S(T )
P
contains at least one optimal permutation for the instance 1/p/ wi Ci , provided that any proper
subset of set S(T ) loses such a property.
The above results valid for the deterministic problem 1// wi Ci will be
used for finding a
P
minimal dominant set S(T ) for the uncertain problem 1/ai ≤ pi ≤ bi / wi Ci in the general
case and in the two special cases, i.e., when |S(T )| = 1 or |S(T )| = n!. A minimal dominant
P
set S(T ) for the uncertain problem 1/ai ≤ pi ≤ bi / wi Ci will be obtained by constructing a
precedence-dominance relation on the set of jobs J . We define a precedence-dominance relation
as follows.
P

Definition 14 The job Ju dominates the job Jv with respect to T (denoted by Ju 7→ Jv ) if there
P
exists a minimal dominant set S(T ) for the problem 1/ai ≤ pi ≤ bi / wi Ci such that the job
Ju precedes the job Jv in every permutation of the set S(T ).
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From Definition 14, itPfollows that a minimal dominant set S(T ) constructed for the deterministic problem 1// wi Ci associated with the vector p ∈ T of the job processing times is
a singleton: S(T ) = {πk }, where the set T is also a singleton, T = {p}. As a result, the
precedence-dominance relations
Jk1 7→ Jk2 7→ Jk3 7→ . . . 7→ Jkn−1 7→ Jkn
with respect to the set T = {p} hold for the deterministic problem 1//

P

wi Ci .

Theorem 23 For the problem 1/ai ≤ pi ≤ bi / wi Ci , the job Ju dominates the job Jv with
respect to T if and only if the following inequality holds:
wu
wv
≥
.
(6.3)
bu
av
P

The cardinality of a minimal dominant set
S(T ) may be considered as a measure of the unP
certainty of the problem 1/ai ≤ pi ≤ bi / wi Ci : The uncertainty in the problem 1/ai ≤ pi ≤
P
bi / wi Ci is less, if the cardinality of the set S(T ) is smaller.
The inclusion S(T ) ⊆ S implies the inequalities 1 ≤ |S(T )| ≤ n!. Next, we present characterizations of two extreme cases of a minimal dominant set.
6.2.1

Dominant singleton: |S(T )| = 1

The simplest case of the uncertain problem 1/ai ≤ pi ≤ bi / wi Ci arises when the equality
|S(T )| = 1 holds. In such a case, a minimal dominant set for the uncertain problem P
is a singleton: {πk } = S(T ) (as well as an ordinary solution to the deterministic problem 1// wi Ci ).
P

Theorem 24 For the existence of a dominant singleton S(T ) = {πk } = {(Jk1 , Jk2 , . . . , Jkn )}
P
for the problem 1/ai ≤ pi ≤ bi / wi Ci , it is necessary and sufficient that the following set of
inequalities holds:
wk
wk1
wk wk2
wk
wk
(6.4)
≥ 2,
≥ 3 , . . . , n−1 ≥ n .
bk1
ak2 bk2
ak3
bkn−1
ak n
If a dominant singleton S(T ) = {πk } for the problem 1/ai ≤ pi ≤ bi / wi Ci exists, then the
dominant permutation πk can be obtained using Theorem 23 in O(n2 ) time. Next, we show
that, as an application for this purpose, Theorem 24 allows us either to find a singleton S(T )
(if it exists) faster or to prove that a dominant singleton does not exist. For a fast checking
of condition (6.4) of Theorem 24, we sort the jobs of the set J in non-increasing order of the
wk
fractions p j , where pkj denotes the midpoint of the segment [akj , bkj ]:
P

kj

bkj − akj
.
2
As a result, we obtain a permutation πk = (Jk1 , Jk2 , . . . , Jkn ) ∈ S in O(n log2 n) time. Due to the
sufficiency in Theorem 24, if condition (6.4) holds, then this permutation πk defines a dominant
P
singleton S(T ) = {πk } for the problem 1/ai ≤ pi ≤ bi / wi Ci . On the other hand, it is easy to
show that, if conditions (6.4) does not hold for all pairs of consecutive jobs in the permutation
P
πk = (Jk1 , Jk2 , . . . , Jkn ), then a dominant singleton for the problem 1/ai ≤ pi ≤ bi / wi Ci does
not exist. It takes O(n) time to check conditions (6.4) for a fixed permutation πk of n jobs.
Thus, the asymptotic complexity of checking the condition of Theorem 24 can be estimated as
O(n log2 n).
pk j =
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6.2.2

MDS with maximal cardinality: |S(T )| = n!

The most uncertain case of the problem 1/ai ≤ pi ≤ bi /

P

wi Ci arises when |S(T )| = n!.

Theorem 25 Let ai < bi for each job P
Ji ∈ J . For the existence of a minimal dominant set
S(T ) for the problem 1/ai ≤ pi ≤ bi / wi Ci with the maximal cardinality |S(T )| = n!, it is
sufficient that the following inequality holds:
max{

wi
wi
| Ji ∈ J } < min{ | Ji ∈ J }.
bi
ai

(6.5)

It takes O(n) time to check the condition (6.5) of Theorem 25 since O(n) is the complexity of
finding a maximum (minimum) in the set { wbii | Ji ∈ J } of real numbers (set { waii | Ji ∈ J },
respectively).
6.3

Stability box

In [112], the stability box SB(πk , T ) within a set of scenarios T has been defined for a permutation πk = (Jk1 , Jk2 , . . . , Jkn ) ∈ S. We denote J − [ki ] = {Jk1 , Jk2 , . . . , Jki−1 } and J + [ki ] =
{Jki+1 , Jki+2 , . . . , Jkn }. Let Ski be the set of permutations (π(J − [ki ]), Jki , π(J + [ki ])) ∈ S of the
jobs J , π(J 0 ) being a permutation of the jobs J 0 ⊂ J .
Definition 15 [112] Let the permutation πk = (Jk1 , Jk2 , . . . , Jkn ) ∈ S be optimal for at least
one scenario p ∈ T . The maximal segment [lki , uki ] ⊆ [aki , bki ] is called the maximum variation
of the processing time of the job Jk1 in the permutation πk if for any permutation πe ∈ Ski and
any scenario p = (p1 , p2 , . . . , pn ) ∈ T , at which the permutation πe is optimal, the permutation
πe remains optimal for any scenario p0 from the set
i −1
[pj , pj ] × [lki , uki ] ×nj=ki +1 [pj , pj ]
×kj=1

and for any scenario p00 = (p001 , p002 , . . . , p00n ) ∈ T with p00ki ∈ [lki , uki ], there exists an optimal
P
permutation πv ∈ Ski for the instance 1/p00 / wi Ci . Let Nk denote the set of indexes i of all
jobs with their non-empty maximum variations of the processing times. The Cartesian product
SB(πk , T ) = ×ki ∈Nk [lki , uki ] ⊆ T
is a stability box for the permutation πk = (Jk1 , Jk2 , . . . , Jkn ) ∈ S. If there doesPnot exist a
scenario p ∈ T such that the permutation πk is optimal for the instance 1/p/ wi Ci , then
SB(πk , T ) = ∅.
The maximality of the closed rectangular box SB(πk , T ) = ×ki ∈Nk [lki , uki ] in Definition 15
means that the box SB(πk , T ) ⊆ T has both a maximal possible dimension |Nk | and a maximal
possible volume. In Definition 15, the maximality of a rectangular box SB(πk , T ) means that
for each position i ∈ {1, 2, . . . , n} in permutation πk , the lower bound lki (the upper bound
uki ) for the variation of the processing time pki of the job Jki , which is located at position i
in the permutation πk , preserving the optimality of the permutation πk has to be as small (as
large) as possible provided that the processing time of each other job Jkj , j ∈ {1, 2, . . . , n} \ {i},
may vary independently and simultaneously within the whole given segment [akj , bkj ]. We call
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the dimension of a stability box SB(πk , T ) the cardinality |Nk | of the set {pki | ki ∈ Nk } of
the processing times in the scenario p0 which may be modified in the vector p with preserving
the optimality of the permutation πk . The cardinality |Nk | of the set Nk is an important
characteristic of the stability box SB(πk , T ): It defines the maximum number of the processing
times in p0 which are modifiable in the scenario p without violating the optimality of the
permutation πk . Note that the processing times of the remaining set {p0kj | kj ∈ N \ Nk } have
to remain the same as those in the original vector p : p0kj = pkj .
In [98, 127], the stability region of an optimal semi-active schedule was investigated for the
job-shop problem with the makespan and mean flow time criterion, respectively. Using the
P
notations introduced for the problem 1/ai ≤ pi ≤ bi / wi Ci , the stability region K(πk , T ) of a
permutation πk ∈ S with respect to T is defined as follows:



K(πk , T ) = p | p ∈ T,

X
Ji ∈J


X

wi Ci (πk , p) = min 
πl ∈S

Ji ∈J




wi Ci (πl , p) .

(6.6)

Definition 15 of a stability box and Definition (6.6) of a stability region imply the inclusion
SB(πk , T ) ⊆ K(πk , T ). In [112], the following properties of the stability box and the stability
region were derived.
Theorem 26 [112] The stability box SB(πk , T ) (the stability region K(πk , T )) is empty, if
and only if there is no scenario p ∈ T such that permutation πk is optimal for the instance
P
1/p/ wi Ci .
Theorem 27 [112] There exists a scenario pP∈ T such that permutation πk = (Jk1 , Jk2 , . . . ,
Jkn ) ∈ S is optimal for the instance 1/p/ wi Ci if and only if there is no job Jki , i ∈
{1, 2, . . . , n − 1}, such that inequality
wk
wki
< j
(6.7)
aki
bk j
holds for at least one job Jkj , where j ∈ {i + 1, i + 2, . . . , n}.
Theorem 28 [112] The stability box SB(πk , T ) (stability region K(πk , T )) is empty, if and only
if there exists a job Jki , i ∈ {1, 2, . . . , n − 1}, such that inequality (6.7) holds for at least one
job Jkj , where j ∈ {i + 1, i + 2, . . . , n}.
Definitions 15 and (6.6) imply the following claim.
Theorem 29 [112] If there exists exactly one scenario p ∈ T such that the permutation πk ∈ S
P
is optimal for the instance 1/p/ wi Ci , then SB(πk , T ) = {p} = K(πk , T ).
Theorem 30 characterizes another extreme case for the stability box and region.
Theorem 30 [112] SB(πk , T ) = T = K(πk , T ) if and only if inequalities (6.4) hold.
As follows from Definition 13, one can restrict the search by the permutations of a minimal
P
dominant set S(T ) while solving the problem 1/ai ≤ pi ≤ bi / wi Ci .
Theorem 31 [112] If πk ∈ S(T ), then SB(πk , T ) 6= ∅ and K(πk , T ) 6= ∅.
In [110, 112], an O(n log n) algorithm was developed for calculating the stability box.
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6.4

A job permutation with the largest stability box

A job permutation in the set S with a larger dimension and a larger volume of the stability
box seems to be more efficient than one with a smaller dimension and (or) a smaller volume of
the stability box. We present some properties of a stability box, which allow us to derive an
O(n log n) algorithm for choosing a permutation πt ∈ S which has (a) the largest dimension
|Nt | of the stability box SB(πt , T ) = ×ti ∈Nt [lti , uti ] ⊆ T among all permutations πk ∈ S and (b)
the largest relative volume V olSB(πt , T ) of the stability box SB(πt , T ) among all permutations
πk ∈ S having the largest dimension |Nk | = |Nt | of their stability boxes SB(πk , T ) and the
minimal number nk of the maximum variations with zero length. Definition 15 implies the
following claim.
Property 1 For any jobs Ji ∈ J and Jv ∈ J , v 6= i, we have





wi wi \ wv wv
,
,
= ∅.
ui li
b v av

Let S max denote the subset of all permutations πt in the set S possessing properties (a) and (b).
Using Property 1, we can define the relative order of a job Ji ∈ J with respect to a job Jv ∈ J
wehave to treat all
for any v 6= i in a permutation πt = (Jt1 , Jt2 , . . . , Jtn ) ∈ S max . To this end,

wi wi
three possible cases (I)–(III) for the intersection of the open interval bi , ai and the closed
h

i

interval wbvv , wavv . The order of the jobs Ji and Jv in the desired permutation πt ∈ S max may be
defined in the cases (I)–(III) using the following rules. Case (I) is defined by the inequalities
wi wv
wi
wv
< ,
< .
bv
b i av
ai

(6.8)

In case (I), the desired order of the jobs Jv and Ji in the permutation πt ∈ S max may be defined
by a strict inequality from (6.8): Job Jv proceeds job Ji in the permutation πt .
Property 2 For the case (I), there exists a permutation πt ∈ S max , in which the job Jv proceeds
the job Ji .
Case (II) is defined by the equalities
wv
wi wv
wi
= ,
= .
bv
b i av
ai

(6.9)

Property 3 For the case (II), there exists a permutation πt ∈ S max , in which the jobs Ji and
Jv are located adjacently: i = tr and v = tr+1 .
If equalities (6.9) hold, one can restrict the search for a permutation πt ∈ S max by a subset of
permutations in the set S with adjacently located jobs Ji and Jv (Property 3). Moreover, the
order of such jobs {Ji , Jv } does not influence the volume of the stability box and its dimension.
Remark 8 Due to Property 3, while looking for a permutation πt ∈ S max , we shall treat a pair
of jobs {Ji , Jv } satisfying (6.9) as one job (either job Ji or Jv ).
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Case (III) is defined by the strict inequalities
wv
wi wv
wi
≥ ,
≤ .
bv
b i av
ai

(6.10)

provided that at least one of the inequalities (6.10) is strict. For a job Ji ∈ J satisfying case
(III), let J (i) denote the set of all jobs Jv ∈ J , for which the strict inequalities (6.10) hold.
Property 4 (i) For a fixed permutation πk ∈ S, job Ji ∈ J may have at most one maximal segment [li , ui ] of the possible variations of the processing time pi ∈ [ai , bi ] preserving the
optimality of permutation πk .
(ii) For the whole set of permutations S, only in case (III), a job Ji ∈ J may have more than
one (namely: |J (i)| + 1 > 1) maximal variation [li , ui ] of the time pi ∈ [ai , bi ] preserving the
optimality of this or that particular permutation from the set S.
Let L denote the set of pairs (i, [li , ui ]) consisting of all non-empty maximal variations [li , ui ] of
the processing times pi for all jobs Ji ∈ J . Let L0 denote the set of pairs (i, [li , ui ]) consisting
of the greatest maximal variations [li , ui ] of the processing times pi for all jobs Ji ∈ J on all
permutations from the set S.
Property 5 |L0 | ≤ n.
Property 6 There exists a permutation πt ∈ S with the set of pairs (i, [li , ui ]), where i is the
job number, [li , ui ] denotes the of maximal variations of the processing time pi , Ji ∈ J , such
that the set (i, [li , ui ]) coincides with the set L0 ⊆ L.
The above properties allow us to derive an O(n log n) algorithm for calculating a permutation
πt ∈ S max with the largest dimension |Nt | and the largest volume of a stability box SB(πt , T ).
This algorithm constructs a permutation πt ∈ S such that the dimension |Nt | of the stability
box
SB(πt , T ) = ×ti ∈Nt [lti , uti ] ⊆ T
is the largest one for all permutations S, and the volume of the stability box SB(πt , T ) is the
largest one for all permutations πk ∈ S having the largest dimension |Nk | = |Nt | of their stability
boxes SB(πt , T ) and the minimal counter nk of the maximal variations with zero length.
6.5

Notes and references

All the results presented in this section have been obtained and (or) generalized in the papers
[6, 27, 28, 105, 110, 111, 112, 113, 115, 118, 120, 121, 122, 125].
In spite of obvious practical importance, the literature on a stability and sensitivity analysis
in scheduling is rather small. Outside the considered stability approach, one can mention
[41, 49, 78]. In [49], the sensitivity of a heuristic algorithm with respect to the variation of
the processing time of one job was investigated. In [78], the results for the traveling salesman
problem were used for a single machine scheduling problem with minimizing tardiness (see
[58]). A sensitivity analysis for some single-stage scheduling problems was developed by
Hall
P
and Posner [41]. In particular, they developed a sensitivity analysis for the problems 1// wi Ci ,
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P// Ci , 1//Lmax and other list scheduling problems, i.e., those that are optimally solvable by
a sequence of jobs generated due to a known priority rule. In [41], it was also shown that a
modified instance (when a concrete change of one processing time or one job weight is given) of
P
P
some polynomially solvable
problems
(among
them
the
problems
1//
w
Ci ,
i Ci , 1/ri , pmtn/
P
and 1/ri , di , pi = 1/ wi Ci ) can be solved more efficiently using the optimal schedule known
for the original problem instance. A systematic study of sensitivity analysis for single-stage
scheduling problems was initiated in [41]. Hall and Posner [41] described a sufficient condition
under which an increase in the set of feasible schedules does not change the optimal nonpreemptive schedule for a regular criterion and without given precedence constraints. If the
deadline dk of job Jk is increased when there is a consecutive idle time of at least maxJi ∈J {Pk :
Ci (s) > Ck (s)} in the closed interval [Ck (s), dk ], then the originally optimal schedule s remains
optimal. For a bottleneck criterion (like minimizing the maximum lateness), the following
sufficient condition was given in [41] as well: If an increase in operation processing time does not
create a new bottleneck or increase the current bottleneck, then the originally optimal schedule
remains optimal. In Sections 2 – 7 of this survey, it was assumed that multiple processing time
changes are independent. However, in some real world scheduling problems, multiple parameter
changes are related. As it was mentioned in [41], this may be due to the relationships between
the numerical parameters, such as the correlation between the value and the work required.
It may also be due to the modelling process. In a systematic study [41], Hall and Posner
demonstrated for some single-stage scheduling problems that a sensitivity analysis may depend
on the position of the jobs with the changed parameters. They also identified single-stage
scheduling problems where performing additional computations during optimization facilitates
a sensitivity analysis.
P

The stability of an optimal line balance for a fixed number of stations was investigated in
[25, 107, 108, 109]. The assembly line balancing problem with variable operation times was
considered, e.g., in [33, 59, 86, 138]. In [33, 138], fuzzy set theory was used to represent
uncertainty of the operation times. Genetic algorithms were used either to minimize the total
operation time for each station [33] or to minimize the efficiency of the fuzzy line balance [138].
In [59], the entire decision process was decomposed into two parts: The deterministic problem
and the stochastic problem. For the former problem, integer programming was used to minimize
the number of stations. For the latter problem, which takes into account the variations of the
operation times over different products, queuing network analysis was used to determine the
necessary capacity of the material-handling system. In [86], dynamic programming and branchand-bound methods were used to minimize the total labor cost and the expected incompletion
cost arising from the operations not completed within the cycle time c. Branch-and-bound
algorithms were developed in [18, 81, 86, 87], integer programming algorithms in [24, 59, 81].
Kouvelis et al. [50] focused on manufacturing environments, where the job processing times
are uncertain. In these settings, scheduling decision-makers are exposed to the risk that an
optimal schedule with respect to a deterministic or stochastic model will perform poorly when
evaluated relative to the actual processing times. Robust scheduling, i.e., determining a schedule
whose performance (compared to the associated optimal schedule) is relatively insensitive to
the potential realizations of the job processing times. A similar robust scheduling approach was
developed for a single-machine problem by Daniels and Kouvelis [21]. Other robust decisionmaking formulations were presented by Rosenblatt and Lee [84], Kouvelis et al. [51] and Mulvey
et al. [76]. Leon et al. [63] considered robustness measures and robust scheduling methods
that generate job shop schedules that maintain a high performance over a range of system
disturbances. Wu et al. [139] proposed a solution approach to the weighted tardiness job shop
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problem as follows. To identify a critical subset of the scheduling decisions at the beginning
of the planning horizon and to relegate the rest of the scheduling decisions to future points in
time. The above research presents a philosophy of great practical importance: Local scheduling
should be allowed sufficiently flexible without losing a global view of the system.
The complexity of a sensitivity analysis was investigated in the paper [19] which is based largely
on the unpublished work [82], see also [83]. The complexity of calculating the stability radius
of the optimal schedule and of a solution of the minimization of a linear form was considered
in [35, 36, 37, 38, 93, 95, 96, 97, 99, 100].
In spite of a large number of papers and books published about scheduling, the utilization of
numerous results of scheduling theory in most production environments is far from the desired
volume. One of the reasons for such a gap between scheduling theory and practice is connected
with the usual assumption that the processing times of the jobs are known exactly before
scheduling or that they are random values with a priori known probability distributions. In
this work, a model of one of the more realistic scheduling scenarios was considered. It is assumed
that in the realization of a schedule, the job processing time may take any real value between
given lower and upper bounds (within the given polytope T ), and there is no prior information
about the probability distributions of the random processing times. For such an uncertain
scheduling problem, there does usually not exist a unique schedule that remains optimal for
all possible realizations of the processing times and a set of schedules has to be considered
which dominates all other schedules for the given criterion. To find such a set of schedules, our
idea was to use the schedule domination and the stability analysis of an optimal schedule with
respect to the perturbations of the processing times; see Section 3.

7

Conclusion

The stability approach considered in this work combines a stability analysis, a multi-stage decision framework, and the solution concept of a minimal dominant set of semi-active schedules.
The general scheme of the stability method for an uncertain scheduling problem is presented in
Fig. 1. The realization of this scheme for the uncertain two-stage scheduling problem was given
in Section 5 in the form of Algorithm 1 for off-line scheduling (see page 39) and Algorithm 2
for on-line scheduling (see page 39).
The material of this survey is presented in an order from hard scheduling problems to easier
scheduling problems. Sections 3 and 4 deal with general and job shop problems without any
restriction on the number of processing stages, Section 5 deals with a two-machine flow shop
problem and a job shop problem with two stages, and Section 6 deals with a single-machine
scheduling problem. Such an order of the problems allows us to present mathematical results
in the opposite order: from simple results to more complicated and deep ones. The notion of
the relative stability radius of an optimal schedule s was introduced as the maximal value of
the radius of a stability ball within which a schedule s remains the best among the given set B
of schedules; see Section 4 The relativity was considered with respect to the polytope T of the
feasible vectors of the processing times and with respect to the set B of semiactive schedules
for which the superiority of a schedule s at hand has to be guaranteed. In Sections 3 and 4,
we used the mixed (disjunctive) graph model which is suitable for the whole scheduling process
from the initial mixed graph G representing the input data until a final digraph Gs representing
a semiactive schedule s. The mixed graph model may be used for different requirements on the
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numerical input data. Most results of Sections 3 and 4 were formulated in terms of paths in
the digraphs Gs .
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Figure 1: Scheme of the stability method for an uncertain scheduling problem

In Section 4, we focused on dominance relations between feasible schedules taking into account
the given polytope T (Subsection 4.2). We established necessary and sufficient conditions for
the case of an infinitely large relative stability radius of an optimal schedule s for the maximum
flow time criterion (see Theorem 9 on page 21). Under such conditions, schedule s remains
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optimal for any feasible perturbations of the processing times. We established also necessary
and sufficient conditions for the case of a zero relative stability radius of an optimal schedule s
(see Theorem 8 on page 21). Under such conditions, the optimality of schedule s is unstable:
there are some small changes of the given processing times which imply that another schedule
from the set B will be better (will have a smaller length) than schedule s. Formulas for
calculating the exact value of the relative stability radius were based on a comparison of an
optimal schedule s with other schedules from the set B (see Theorem 10 on page 22), and we
showed how it is possible to restrict the number of schedules from the set B examined for such a
calculation of the relative stability radius (see Lemma 8 on page 24). To this end, we considered
the schedules from the set B in non-decreasing order of the values of the objective function
until some inequalities hold (see Corollary 8 on page 25). In Section 4, analogous results were
obtained for the mean flow time criterion, and the focus was on dominance relations between
the feasible schedules taking into account the given criterion. Formulas for calculating the
exact value of the relative stability radius were given. We established necessary and sufficient
conditions for an infinitely large relative stability radius of an optimal schedule for the mean
flow time criterion and necessary and sufficient conditions for a zero relative stability radius of
an optimal schedule. Using these results, we developed several exact and heuristic algorithms
for constructing a solution (MDS) (see Definition 3 on page 19) of a scheduling problem with
uncertain processing times.
If no additional criterion is introduced (contrary to a robust method), there is no information on
the probability distributions of the random processing times (contrary to a stochastic method)
and there are no membership functions for non-script processing times (contrary to a fuzzy
method), then a stability method may be used for a problem α/aij ≤ pij ≤ bij /γ. This method
combines a stability analysis, a multi-stage decision framework and the solution concept of a
minimal dominant set (MDS). In [113, 115], an MDS was used to measure the uncertainty of
the problem α/aij ≤ pij ≤ bij /γ. This measure allows a scheduler to select a suitable method
for solving an instance of the uncertain problem α/aij ≤ pij ≤ bij /γ.
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